ON THE UNIFORM EQUIDISTRIBUTION OF CLOSED 
HOROSPHERES IN HYPERBOLIC MANIFOLDS 



ANDERS SODERGREN 



Abstract. We prove asymptotic equidistribution results for pieces of large closed 
horospheres in cofinite hyperbolic manifolds of arbitrary dimension. This extends 

earlier results by Hejhal [10' and Strombergsson |32] in dimension 2. Our proofs 
use spectral methods, and lead to precise estimates on the rate of convergence to 
equidistribution . 
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1. Introduction 

Let M be a non-compact hyperbolic manifold of finite volume. To present our 
problem we first consider the case when M is two dimensional. Then the surface M 
has a finite number of cusps, and to each cusp corresponds a one-parameter family of 
closed horocycle curves in M. In each family there exists a unique closed horocycle 
of any given length ^ > 0, and it is known that as £ — )• oo, the closed horocycle 
becomes asymptotically equidistributed on M with respect to the hyperbolic area 
measure. Investigations related to this fact have been carried out by a number 
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of people over the years, including Selberg (unpublished), Zagier [35], Sarnak [27] . 
Hejhal [10] . Flaminio and Forni [7], and Strombergsson [32]. 

In [To], Hejhal asked to what exact degree of uniformity does this equidistribution 
hold? Specifically, given a subsegment of length ii < i of a closed horocycle of 
length i, under what conditions on ii can we ensure that this subsegment becomes 
asymptotically equidistributed on M? Hejhal proved that this holds as long as we 
keep £i > i'^'^'^ (e > 0) as £ — )• oo, where c > | is a constant which only depends on 
the surface M. This was later improved by Strombergsson [32] to allowing c = ^, 
independently of M. This constant is optimal. The equidistribution results both in 
[To] and |32] were obtained with explicit rates. 

Our purpose in the present paper is to generalize these equidistribution results to 
the case when M is a hyperbolic manifold of arbitrary dimension n + 1. We realize 
M as the quotient M = F \ H"^^, where W^^^ is the hyperbolic upper half space, 

M"+i = {P={x,y)\xG M", y G M>o} 

with Riemannian metric ds^ = y^'^{dx\ + . . . + dx^ + dy"^), and F is a cofinite (but 
not cocompact) discrete subgroup of the group G of orientation preserving isometries 
of H""'"^. Without loss of generality we can assume that one of the cusps is placed 
at infinity. Then the fixator group Fqo C F contains a subgroup of finite index 
consisting of translations. 



F'^ = \{x,y) ^ (a; + c^,y) I cj G a} 



where A is some lattice in M". Let Vt = {ui,U2, ■ ■ ■ ,^n} be a basis of A. Now, for 
each y > and any , /3j G M with ai < Pi, we set 
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|(ni^i H h UnU)n,y) I Ui G [ai,/3i] for z = 1, . . . , n|. 



This is a box-shaped subset of a closed horosphere in M. (Note, though, that if Too / 
F^ then the map 5S — )• M need not be injective, even if /3j < ai + 1 for all i.) Our first 
main theorem says that as y — 0, the box 53 becomes asymptotically equidistributed 
in M with respect to the hyperbolic volume measure du = y~'^~^dxi . . . dxndy, so 
long as we keep all f3i — ai > y^/^"^. 

Theorem 1.1. Let F be a cofinite discrete subgoup of G such that F \ W*"^^ has 
a cusp at infinity. Let e > 0, and let f be a fixed continuous function of compact 
support on F \ H"^"*^ . Then 

(1-1) T3 ^ 7^3 7/ ••• / /(uiWi H \-UnUJn,y)dui...dUn 



(/3i - ai) • • • (/3„ - Q„) 



'r\H 

uniformly as y ^ so long as f3i — ai, . . . , (3n — an > y'^^'^^'^ . 

Note that when n = 1 this specializes to the equidistribution result from 
described above, since i ~ y~^ in this case. The exponent ^ in Theorem 11.11 
is in fact the best possible in arbitrary dimension, if we restrict to considering 
boxes which have all side lengths comparable, as y — )• 0. Indeed, if we keep 
^1 — ai = . . . = /3„ — On = cy^/^, say, with a sufficiently small fixed constant c > 0, 
then the box 53 can be placed in such a way that all of 53 stays far out in some 
cuspidal region of M as y — )• 0. Cf. Remark 17.31 
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We obtain all our equidistribution results with precise rates, provided that / is 
sufficiently smooth. In this direction we obtain the best results if instead of the 
box OS we use a smooth cutoff function in the closed horosphere. Thus let us fix 
X : — )• M to be a smooth function of compact support. Given 5i, . . . , (5„ G (0, 1] 
and 7 := (71, . . . , 7^) E M" we define 

XS,^H :=x(^,...,^), 
and consider the following horosphere integral 

X ^ X I XS,'y{u)f{uiUi^ hUnUJn,y)du, 

■ ■ ■ On JM" 

where du = dui . . . dun- Note that if we relax the condition that x be smooth, and 
take X to be the characteristic function of the unit cube [— ^, ^]", then we get back 
the left hand side of (jl.ip with a, = 7^ — 5j/2 and f3i = 7^ + (5^/2. 

The precise rate of equidistribution which we obtain depends on the spectrum of 
the Laplace-Beltrami operator A on M. If there are small eigenvalues < A < 
of — A on M, then we take ai £ (f , so that A = ai{n — ai) is the smallest non-zero 
eigenvalue; otherwise, if there are no small eigenvalues, we set ai = ^. 

Theorem 1.2. Let T be a cofinite discrete subgroup of G such that r\W^~^^ has a 
cusp at infinity. Let e > 0, let f be a fixed -function on H""'"-^ which is T -invariant 
and of compact support on T \ EI"^-'^, and let x ■ 1^" — )■ R 6e a smooth function of 
compact support. Then, uniformly over all 7 = (71, . . . , ^n) G R" O'^d all 5i, . . . ,6n 
satisfying ^/y < 61, . . . ,6n < I, 

(1-2) X ^ X I X5,7('")/(ui(^i -I VUnl^n,y)du 

Ol • • • On JM" 

where a\ G \^,'n) is as above, {x) = f^„ x{^) dx, Sana = min 5i, and the implied 

je{i,...,n} 

constant depends on V , f , x, ^ oind Vi. 

We will actually prove a stronger version of Theorem 11.21 where the dependence 
on / and x is explicit, see Theorem 17. li Moreover, Theorem 11.11 follows from 
Theorem 17.11 by an approximation argument; in fact we obtain Theorem 11.11 with 
the rate O (^'^ {jj / 5'^^^^ ^^i/"^ with an explicit dependence on /, cf. Theorem 

E21 

Our method of proof of these results is to use the spectral decomposition of the 
Laplace-Beltrami operator on M, involving the theory of Eisenstein series. To obtain 
our results we need to develop several bounds on sums over the Fourier coefficients 
of the individual eigenfunctions of M, which are also of independent interest. In 
particular we prove a precise Rankin-Selberg type bound (cf. Proposition 15. 3|) and 
bounds on coefficient sums twisted with an additive character (cf. Proposition 16.21 
and Theorem 16. 7p . 

Bounds of the latter type allow us to prove that in the special case when the 
test function / in Theorem 11.21 is a cusp form (i.e. an eigenfunction of the Laplace- 
Beltrami operator which decays exponentially in each cusp) with eigenvalue A = 
s(n — s), s G (f,™) or s S ^-|-iM>o, then the 5fs can be allowed to shrink much more 
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rapidly than before, and we obtain ()1.2p with an error term O^y ^(jj /^min) ^) 
uniformly over < 5i, . . . , (5„ < 1. Cf. Proposition 16. 4[ 

It is interesting to compare the results in Theorems 11.11 and 11.21 and in particular 
the explicit bounds obtained in Theorem [TT2l with known facts related to the mixing 
property of the geodesic flow on the unit tangent bundle TiM of M. It is well known 
that in the special case of fixed 6i, . . . ,6n (say <5i = . . . = (5^ = 1), the equidistribution 
result in Theorem 11.11 (and Theorem 11.21 except for the precise rate) can be obtained 
as a consequence of the fact that the geodesic flow on TiM is mixing. Cf. Kleinbock 
and Margulis [17[ Prop. 2.4.8] and also Eskin and McMullen [6!, Thm. 7.1]. Using the 
fact that the geodesic flow is known to be mixing with an exponential rate (Moore, 
[21]), we can even obtain this equidistribution result with a rate of type 0{y°'^) for 
some ai > 0. 

To give a precise statement, first recall that the homogeneous space r\G can 
be identified with the (oriented orthonormal) frame bundle over M, consisting of 
oriented orthonormal bases ei, . . . , e,„_|-i in the tangent space TpM above each point 
p G M. There is a distinguished one-parameter subgroup {(ft \ t G M} C G such that 
the flow Tg i— )• Tgipt corresponds to unit speed parallel transport along the geodesic 
in the direction given by eiQ Clearly this flow descends to the geodesic flow on 
TiM under the projection r\G 9 (p, ei, . . . , e„+i) i— )• (^J, ei) G TiM. Now using 
representation theoretic techniques (cf. Hirai [13], Knapp [18, Ch. VIII. 8], Moore 
|21l Thm. 4.1], Shalom [29, Thm. 2.1, §8.1]), one has the following precise version 
of (optimal rate) exponential mixing for the flow {^t}- For any fixed, sufficiently 
smooth and decaying functions v,w £ L^(r\G), with either v oi w being a lift of a 
function on M, we have 

(1.3) 

v{gipt)w{g) dg = v{g)dg w{g) dg + 0^,^,e{e'^''''''^''^*) as t ^ oo, 
r\G Jr\G Jr\G 

where cJi is as before, and where dg is the Haar measure on G normalised so that 
f-p\Q dg = 1. Cf. also Ratner [23] in the 2-dimensional case and Pollicott [22] in the 
3-dimensional case. 

See [n\ Prop 2.4.8] for how to use a mixing result as in (jl.3p to obtain an equidis- 
tribution result in the situation of Theorem 11.21 with (5i = . . . = (5„ = 1, with a rate 
of type 0(y"i) (ai > 0). Note however that this argument results in a sacrifice in 
the exponent; ai comes out significantly smaller than n — ai — e. By contrast, a nice 
feature of Theorem 11.21 above is that the exponent is just as good as what one would 
formally obtain from ()1.3p by taking v to be the appropriate measure on r\G with 
compact support inside the closed horosphere at y = 1, and taking w to be the lift 
of / to r\G. 

Let us now return to Theorem 11.11 i.e. let us again consider the box *B in place 
of the smooth cutoff function x- It is an interesting question to ask what explicit 



-'^Explicitly, if we identify T\G with the frame bundle of M in such a way that Fe corresponds to 
{x, y) = (0, 1) G H"^^ and a frame with ei pointing straight upwards, and if we use G — PSL(2, Cn) 

as introduced in Section r2.1l below. then ipt — "^'^^ _°/2 ^ ; if we use instead the notation in 23, Ch. 

4.5-6] then ipt G PSO(ri + l, 1) is the matrix which has bottom right block equal to 
and all other entries as in the identity matrix. 



/ coshf sinht^ 
ysinhf coshty 
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rate of convergence we can ideally hope to obtain in this equidistribution result. 
As we have already mentioned, using an approximation argument we are able to 
prove Theorem 11.11 with an explicit rate o(^y^^(y/<5mm)^ When n = 1 this is 

basically the same rate as was obtained by Strombergsson in [32], Thm. 3]. However, 
for n > 2 we expect that it should be possible to obtain a better error term by working 
more directly with the left hand side of (jl.ip . applying the spectral expansion of /. 
Indeed for n = 2 we have found a proof along these lines of an explicit error bound 

0^?/~^(2//'^mm)^ ™ Theorem ll.il which is just as good as the bound in Theorem 
11.21 This proof, which will not be given in the present paper, is far from a direct 
adaptation of our proof of Theorem II. 2| in particular it involves using bounds on 
sums of the Eisenstein series coefficients twisted with an additive character (viz., 
an extension of Theorem 16.71 to the case of Eisenstein series) whereas in the proof 
of Theorem 11.21 we only need a Rankin-Selberg type bound on the Eisenstein series 
coefficients. We have so far not been able to carry over this treatment to the case 
n > 3 in a satisfactory way, although certain partial results lead us to hope that 

it might be possible to eventually obtain the bound '^^^^ in 

Theorem 11.11 

We note that it is also possible to prove Theorem 11.11 using the classification of all 
ergodic invariant measures for the horosphere action on r\G given by Ratner in |25j . 
This approach leads to a more general formulation of our result in that we obtain 
asymptotic equidistribution on the frame bundle of M. We furthermore note that it 
is possible to relax the conditions on the function / in Theorem 11.11 to a condition 
on the growth of / in each cusp. For the details of the argument in the case n = 1 
see Strombergsson [52] . 

We remark that another possible approach to the precise study of error terms in 
our equidistribution results would be to try to extend the representation theoretic 
method of Flaminio and Forni [7J, involving the classification of invariant distribu- 
tions of the horocycle flow, to the present case. If this could be carried out, it would 
have the benefit of also giving results on the frame bundle of M. 

Finally we mention that recently Kontorovich and Oh [19], \20] have proved ef- 
fective results on the equidistribution of expanding closed horospheres also in two 
and three dimensional hyperbolic manifolds of infinite volume. In addition to being 
interesting in their own right, these results have beautiful applications in several 
number theoretic counting problems. 



2. Preliminaries 

2.1. Basic set-up. The upper half-space model H""''^ of the (n + l)-dimensional 
hyperbolic space consists of the set 

Jjn+l _ {p={xi,X2,...,Xr„y) \ (xi , X2 , . . . , x„) G M", y G M>o} 

equipped with the Riemannian metric 

^ dxl + dxl + --- + dxl + dy'^ 

y2 
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We will frequently use the notation P = {x,y) for points in EI"^-'^, where x 
(xi, . . . , Xn) G K""- The hyperbolic volume element is given by 

dxi . . . dxndy 



dv 



yU+l 



and the Laplace-Beltrami operator associated with (j2.ip is given by 

l\- + — + —\-(n-l) — 

It is well known that the group of orientation preserving isometrics of IHI"^^, Isom^ H"^"'^, 
is isomorphic to the classical Lie group PSO(n + l, 1) (see e.g. [231 Sec. 3.2 (Cor. 3)]). 
It is also possible to realize Isom"*" ET^^^ as the group Ai{n) of orientation preserving 
Mobius transformations of M", acting on W^^^ by their Poincare extensions, with 
the topology of uniform convergence in the chordal metric on M" (cf. |14[ Cor. 1.10] 
and [31 Sec. 3.7]). These Mobius transformations can be expressed in terms of 2 x 2 
matrices whose entries are (certain) Clifford numbers. The details are as follows. 

Consider the Clifford algebra C„. This is the real associative algebra generated 
by subject (only) to the relations i\ = —1 for A: = l,...,n — 1 and 

^fc^h = ~ihik for h ^ k. The elements of C„ are called Clifford numbers. Each 
element a G C„ can be uniquely written as a = a//, where a/ G M and the 
summation runs over all products I = iy^ - ■ ■ i^^ with 1 < vi < ■ ■ ■ < Vp < n — 1^ 
Thus Cn is a vector space of real dimension 2"~^. We equip C„ with the square norm, 
i.e. if a = ^jdjl then |ap = X]/*^/- Furthermore there are three commonly used 
involutions of C„. The first involution, ' : C„ — ^ Cn, is the algebra automorphism 
which replaces each ik with —ik- The second involution, * : Cn ^ Cn, reverses the 
order of the factors in each iy^ - ■ ■ iup and determines an anti- automorphism of Cn- 
The final involution, ~ : C„ — t- C„,, is a combination of the previous two, i.e. for each 
a e C„ we have d = {a')* = (a*)'. 

Elements of Cn of the form x = xq + xiii + • • • + Xn~iin-i are called vectors. 
They form an n-dimensional vector space which we naturally identify with M"'. For 
vectors we have the identity tXj tXj — tic tic — I , which implies that every non-zero 
vector is invertible in C„. Since products of invertible elements are invertible, the 
non-zero vectors generate a multiplicative group, r„, called the Clifford group. It is 
proved in [1] that ad = da = |ap holds for all a G r„ and also that if a, 6 G r„ then 
\ab\ = \a\\b\. 

Definition 2.1. We define the following groups of matrices: 
(i) GL(2, Cn) := ((l ^) I a, 6, c, d G r„ U {0}, 



(ii) SL{2,Cn):=!^(l ^) GGL(2,a 

(iii) PSL(2,C„) :=SL(2,a)/{±/}. 



ab*,cd*,c*a, d*6 G M", ad* - be* eW\ {0} } . 
ad* — be* = 1 



A matrix g G GL(2, Cn) acts on elements in M" according to the formula 
(2.2) gx = {ax + b){cx + d)-^ . 



^Here the empty product is interpreted as the real number 1. 
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It is clear that C„ C C„+i and that r„ C r„_|_i. Hence it follows that GL(2,C„) 
acts, by the formula ()2.2p . also on M"'''^. It is shown in [1] and [33] that GL(2,Cn) 
is precisely the set of 2 x 2 matrices, with Clifford numbers as entries, that induce 
bijective mappings M" M" and M""*"^ — )• M"'^^. [IJ and [33] further show that 
PSL(2, Cn) acts on as the group of orientation preserving Mobius transformations 
and on R"+i as the Poincare extensions of these Mobius transformations. According 
to the above this means that PSL(2, C„) is isomorphic to Isom^ H"^^. In coordinates 
the Poincare extension of (12.21) to H"""*"^ looks like 



P = x + yin^ g{P) = Xg^p^ + yg(p)in 
where £Cg(p) and Vg^p) are given by 



ac|Pp + hd + axd + bxc {ax + b){cx + d) + acy'^ 
(2.3) Xg^p) = |cP + d|2 = |ca; + d|2 + |c|2y2 

and 

{ad* - hc*)y {ad* - bc*)y 

(^•4) Vg{P) - 



|cP + d|2 |ca; + d|2 + |c|2y2' 
respectively. 

Definition 2.2. For (7 = wzi/i a,b,c,d G C„, i/ie norm of g is given by 

\\g\\ = {\a\' + \b\' + \c\' + \d\Y"- 

We give GL(2, Cn) and SL(2, C„) the topology induced by the metric d{g, h) = \\g— 
h\\. In the same way as in [3l pp. 78-81], but keeping in mind the noncommutativity 
of Cn, one can show that the two-fold cover $ : SL(2,C„) PSL(2,C„) = M{n) 
induces the topology of uniform convergence in the chordal metric on M", i.e. the 
natural topology, on Ai{n). 

Let r C PSL(2, Cn) be a discrete subgroup of finite covolume acting on EI"+^. We 
further assume that the quotient manifold r\IH"+^ has at least one cusp, i.e. that F 
is not cocompact. Let r/i, ...,?7k be a maximal set of F-inequivalent cusps of T. For 
every k G {1, k} we choose Aj^ £ PSL(2, C„) such that Ai^{r]k) = 00. In particular 
we get AjJ'jji^A'^^ = (A^rA^^)oo, where F^^. denotes the stabilizer of r/^ in F. We 
now let N{Cn) be the abelian subgroup {(of) I S M"} of PSL(2, C„) and define 

f;^ := F n Al^N{Cn)Ak = F^, n A-^^N{Cn)Ak, 

for k £ {1, k}. We note that AfT'^^^A'^'^ = (^^F^^^)'^^ and recall that 



1 u 

1 



for some lattice in M". By [23] Thm. 5.5.5 and Thm. 5.4.3] we also know that 
{Af^TA'^^y^ has finite index in (^^F^^^)oo. Finally, we note that 

iA,TA',^)^ c { = /,) (J ^^\ae VnM = i,- ^ r-}. 

We recall here that { H J-i) \ a £ Tn, \a\ = l}/{±/} is (in the natural way) iden- 
tified with SO(n), cf. ^pp. 89-90]. 

For each k E {!,..., k}, we choose a closed convex fundamental polyhedron 
for the action of {Aj^TA7^)ao on M". We may (and will) assume that the cusp 
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normalizing maps Ai^ have been chosen in such a way that \Ck\ = 1 for each k S 
{1, ...,k}, where \Ck\ denotes the Euchdean n-dimensional volume of the set C^. We 
define, for each B > and each k E {1, k}, the sets 

(2.5) Tk{B) = {P = x + yineir+^ \xeCk,y>B}. 
We also let 

Tfc := min |a;|. 

^6Afc\{0} 

It follows from [11, Prop. 3.3] (see also O p. 49, Thm. 3.4]) that there exists a 
constant Bq > max(l, max^,g|i^ ,j} r^) such that for all B > Bq, the cuspidal regions 

(2.6) Tk{B):=A^\Tk{B)), A; G {1, k}, 

are disjoint and their union form part of a fundamental domain for T. In fact, for 
each B > Bq we can choose a certain bounded set J-b so that 

K 

^ := J-B U U Tk{B) 
k=l 

is a fundamental domain for F (see e.g. O p. 51, Prop. 3.9] for the 3-dimensional 
case). We fix the choice of Tb in such a way that Tb n \J'l^^Tk{B) = and 
J^B C Tbo U Ufc=i MBo) for ah B > Bq. 

2.2. Two elementary lemmas. 

Lemma 2.3. Let k,i e {1,...,^} and T = (;! ^) G A^FAj^ be given. Then \c\ > 
l/y/TkTi, unless k = £ and T G yl^r^^^^""^. 

Proof. By definition T = A^WA'^ with some W We let 7 = ( J f ) ^ Af'^^A'^ , 
where u; G \ {0} is chosen such that is minimal (i.e. = r^), and consider 
T'jT-'^. We find that 

\c d J \0 I J \—c a J y —cue 1 + ccja^ 

and TjT^^ G Af^TA^^. Here AjSA^^ is a discrete subgroup of PSL(2,C„) with a 
cusp at 00 having stabilizer {AiSA'j^^)oo = ^k^Vk^k^ ■ Hence, by Shimizu's lemma 
(as in [ 12| Thm. A] and |1H p. 471, Rem. 1]), we have either | — cuc*\ > l/r^ or 
I — cuc*\ = 0. Since |c*| = |c| this shows that either |c| > 1 / yjTkTi or TjT~^ G 
(A^TA-^y^. When T-fP-^ G (A^TA-^)'^ it follows that T-\oo) is fixed by 7, 
which in turn implies that W{rii) = rjk. Since ...,7?^ by construction are pairwise 
F-inequivalent the only possibility is that k = ^ and W G F^^., i.e. T = A^WA'^^ G 

Lemma 2.4. For all P G EI"+-'^ and IF G F we have 

TkT£ 

VAkWiP) < • 



unless k = i and W G F^^. . 



Proof. Let T = (" ^) = A/^WA^ ^. It follows from Lemma 12.31 that either k = £ and 
W G 

^Vk °^ ^^^^ 1^1 — ^/\/'^kTe- In the second case we use (j2.4p to get 



\cxAe{p) + + |cp(yA,(p))^ |cp(yA,(p))^ yA,(p) 
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2.3. The invariant height function. We introduce the invariant height function 
yr, defined on ]H"+i by 



(2.7) yr{P) := ^ max max VA.wiPy 



ke{l,...,K} ' 

It is straightforward to show that this function is weh-defined (i.e. that for every 
P £ H""^^ the maximum in ()2.7p is attained for some k S {1, . . . , k} and W £ F), 
continuous and F-invariant. Note also that 3^r(-P) only depends on T and P, and 
not on our specific choices of cusp representatives r/i , . . . , r/^ and normalizing maps 
Ai, . . . , Ai^. (This fact makes crucial use of our assumption |C/;| = 1.) In the next 
couple of lemmas we collect some more basic properties of y-p- 

Lemma 2.5. For all B > Bq, k G {1, k} and P G ^^{B) we have 

yr{P) = VAUP) > B. 

Proof. For B > Bq and P £ Tk{B) we have by definition yA^{P) ^ B > ^Jt\tI. If 
t = k and W G F^^ then yA(W{P) = UAkiP)- For all other pairs {£, W) G {1, k} x F 
Lemma 12.41 implies 

TkTe 

VAeWiP) < < V^kTe < B, 

VA.iP) 

and the lemma follows. □ 

Lemma 2.6. The function y^ satisfies y^ := iufpgu^+i yr{P) > 0. 

Proof. By the F-invariance of y-p and Lemma 12.51 it suffices to prove that 
infpgjr^^ 3^r(-P) > 0. But this follows from the continuity of yr, since J^Bo is a 
bounded set. □ 

Lemma 2.7. Let f be a T-invariant function satisfying, for some constants a G M, 
Ci) C2 > and for all k G {1, k}, 

(2.8) 1/(^)1 <Ci(y^,(P))'^ + C72 

when VAhiP) — ■^T- ^^^n 

\fiP)\<Ci{yriP)y + C2 

for all P G IH"+i. 

Proof Take any P G E["'+^ and choose {k, W) G {1, k} x F such that yA^WiP) = 
yr{P) ^ 3^r- F-invariance of / and condition ()2.8p we get 

\f{P)\ = \f{W{P))\ < Ci{yA,w{P)T + C2 = Ci{yT{P)y + C2. 

□ 

Finally, we estimate the integral of the n:th power of 3^r over the bounded set J-b- 
Lemma 2.8. For all B > Bq, 

[ {yriP)rduiP) = 0{logi2B)), 

JJ^B 

where the implied constant depends only on F. 
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Proof. We write 



Fb = -Fbo u U (MBo) n Tb) 



k=l 



and note that 

Tk{Bo)nTB = Fk{Bo)\MB) = Af{Ck X [Bo,B)). 
Using the continuity of (3^r(-P))" and Lemma 12.51 we get, 

/ {yr{P)y dv{P) = 0{l) + j2 I {yr{P)ydu{P) 



0(1) + E/ 



^JCkX[Bo,B) 



y 



„ dxi . . . dxndy 



,n+l 



0{1) + K r^ = 0(log(2B)), 

Jbo y 



since B > Bq > 1. 



□ 



2.4. Repeated summation by parts. We will use summation by parts extensively 
in later sections. Here we fix the notation and give a convenient formula for repeated 
summation by parts. 

We are interested to perform summation by parts on sums of the form 

mi=ai mn=an 

where aj,f3j £ Z satisfy < aj < /3j for j G {!,••• ,n}, a : Z"q — )■ C and 5 is a 
smooth function. We define 



S{Xi,. . . ,Xn) := J2 "' X] a{mi,... 

0<mi<Xi 0<m„<X„ 



nir, 



We let iV := {1, . . . , n}. Given any A = {ii, . . . , C iV, with ii < ■ ■ ■ < and 
any S C iV \ yl we define the embeddings Ia,b ■ 1^'^' IR" and Ia,b ■ IR'"^' ^ IR" by 



-^A,B(a;) = lA,Bixi, ■ ■ ■ ,xiA\) = {x'l, . . . where x'j = < 



ttj if j ^ AUB 
xi ii j = iee A 



and 



lA,Bix) = {x[, ...,x'J, where x'- = < 



aj-l [fj^AuB 



/3. 
xe 



iijeB 

if j = ie ^ A. 



We also introduce the notation 

(2-9) 9a,b[x) := — ^ — (a;) 



and 
(2.10) 



dxi ■ ■ ■ dx\A\ 
Sa,b{x) := S oiA,B{x). 
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Lemma 2.9. Let aj,/3j £ Z satisfy < Oj < Let g : Ylj^]\i[ctj, I3j] C be a 
smooth function and let a : Z"q — )• C. Then 

(.u, t ... t .(»J...,™,W™....,™.) 

mi=ai m„=a„ 

= (-irE E (-1)"" / gAMx)SAMx)dx, 

ACNBCN\A n,S.,(^.] 

where we interpret the integral to be equal to gijf ^Sijf b whenever A = %. 

Proof. The proof is by a straightforward induction on n. (Note that when n = 1 
this is the weh- known summation by parts formula.) □ 

Corollary 2.10. Let (3j € Z>o. Let a : C and let g : HjeAftO'/^i] \ {0} ^ C 

be a smooth function. Suppose that S{0, ... ,0) = 0, i.e. that a(0, ... ,0) = 0, and 
define g{0) arbitrarily. Then 

i:...f:,H....,™„w™....,„., 



rrai=0 



E(~^)'^' / 9A,N\Aix)SA,N\Aix)dx. 



Proof. We change g in JljeAf ['-'"'^j] I 1^1 — -'^/^i such a way that g becomes 
smooth in njeA''[^"'^i]- ^^^^ function g. With g replaced by g, ()2.12p 

is just a restatement of ()2.1ip . for ai = . . . = a„ = implies that SA,Bix) = 
whenever Au B ^ N . Finally we note that both sides of ()2.12p are unchanged when 
g is replaced by g since a(0, . . . , 0) = 0. □ 

Remark 2.11. We will be interested in using formula ()2.1ip (and the related formula 
()2.12p ) also when some of the /3j are infinite. For formula ()2.1ip to hold also in 
this case we need to care about convergence issues. However, in each case where we 
are interested in applying the extended version of formula (|2.1ip it is immediate to 
verify that the summation formula still holds. In particular all terms involved will 
be convergent and every boundary term at infinity will be zero. 

We let C C be defined hy C := {j G N \ (3j = oo}. In the situation described 
by Remark 12.11^ formula (j2.1ip turns into 

(2.13) E E 9{'mi,...,mn)a{mi,...,mn) 

mi=ai m„=an 



(-irE E (-1)"" / 9AMx)SAMx)dx. 



ACNBCNMAUC) n,eA[«.,/3.] 

3. Basic counting bounds in hyperbolic geometry 

In this section we give estimates of various counting functions, which we will need 
in later sections. We begin with two elementary lemmas concerning the geometry of 
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Lemma 3.1. Given any R,r > and x, ui, U2, Wm £ I^" such that \x — Uj\ < R 
and \ui — Uj\ > r for all i,j £ {1, ...,m}, i ^ j, we have 

(3.1) m < 1 + koi^-j , 

where kQ > is a constant which only depends on n. 

Proof. The open balls with radii | and centers iti,ii2, • • • ,iim are pairwise disjoint 
and contained in the ball with center x and radius i? + | . Hence 

(3.2) rnVn(^^'' <Vn{R+''- 

where Vn is the volume of the unit ball in W^. If r < 2R this implies that m ("p) 
In the remaining case, r > 2R, we clearly have m <1. □ 

We let !B be a right-angled closed box in M", having side lengths 6i, . . . , 6„. 

Lemma 3.2. Given r > and any ui,U2, ■■■,Um G 55 such that \ui — Uj\ > r for 

all i,j G {1, m}, i / j, we have 

m</cin(l + 7 

i=l 

where ki > is a constant which only depends on n. 

Proof. Arguing as in the proof of Lemma [3.1l we find that the inequality correspond- 
ing to (132]) is 



mVj-) <n(^^ + ^)' 



i=l 

which implies the desired inequality. □ 

Our next task is a generalization of [16^ Lemma 2.10] (cf. Lemma 13.41 below) . 

Lemma 3.3. Assume that T has a cusp at oo. Then there exists a constant k2 > 0, 
depending only on T, such that the following holds for all R,L>0 and P = x + yi^ G 
W-+^ with y > R: 

(3.3) #{r= (-^) GPooVr I yT^p^> R andL<\c\ < 2l} < A;2L"(|)"^'. 

Let M denote the set in the left hand side of (j3.3p . Before we turn to the proof 
of the lemma we note that M is well-defined. If the elements ("^) , (75) belong 
to the same Loo-coset in L it follows that 

a b\ f e f \ f a (3 



c d J \0 e* '^J \"f 6 J \e* -"^7 * 
where ( J_-^ j E Poo (recall that |e| = 1). Hence |c| = |e*~^7| = |7|. 



ON THE UNIFORM EQUIDISTRIBUTION OF CLOSED HOROSPHERES 



13 



Proof of Lemma \3.3l If the elements ("^) , ("5) belong to different Too-cosets 
r we note that 



m 



a (3\ ( a b\ ^ _ f a /3\ f d* —b" 



ad* - /3c* -ah* + /3a* 
jd* -5c* --fb* + 6a* ' ^ ~- 



It follows from Shimizu's lemma (see |12^ Thm. A] and |1H p. 471, Rem. 1]) that 
there exists a constant A; > 0, depending only on F, such that \'yd* — 6c*\ > k. If 
furthermore (2^) , (75) representatives of elements in M we get 

(3.4) |.-'. - .-.1 = b-M- - fc-K-'i = >-m>i^- 

where we have used the fact that {c~^d)* = c~^d E M" since cd* G M" (cf. the proof 
of [U Lemma 1.4]). 

On the other hand, for each T G M we have yT{p) > R, which by ()2.4p can be 
written as 

From ()3.5p we get |ca; + ci| < , which implies that 
(3.6) |, + ,-.,|<^y|<iy|. 

Using ()3.4p and (j3.6p together with Lemma |3. II we obtain 

This concludes the proof, for note that if 2L < k then M is empty. □ 

Lemma 3.4. Assume that F has a cusp at 00. Then there exists a constant k^ > 0, 
depending only on T, such that the following holds for all R > and P = x + yin G 



irn+l . 



(3.8) #{r G Foo\F I yr(P) >r}<1 + 



k^ 



Proof. To begin with we note that the left hand side in the inequality above is 
invariant if the point P is changed to T{P) for any T G F. Hence we may assume 
that yT{x+yin) < y for all T G F. li y < R then the left side of ()3.8p equals zero and 
the inequality therefore holds trivially. Therefore we may also assume that y > R. 

If T = ("^) GF satisfies yT{p) > R then, using ()3.5p . we get |cpy^ < and it 
follows that |c| < "^7=^- We recall that c = if and only if T G Fqo- Using this fact 
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together with Lemma 13.31 we obtain 

< l + f;#|r= (2^) Groo\r | ^^(p) >i? and lj=<\c\<^ 

\ n / y \ n/2 



< 



where /c2 is as in Lemma |3.3[ □ 

We next consider the counting function 

eKx) := #[W = ( « ^) G r,,\r I < \c\ < X, -c'^d g 

where *B is the box introduced just above Lemma |3.2[ We write S for the set in the 
right hand side. By an argument similar to the discussion of ()3.3p we find that S is 
well-defined. 

Lemma 3.5. For any k G {1, k} and X > we have 

n 

^Ux)<ki\{{l + h,X^), 

i=l 

where > Q is a constant which only depends on T. 

Proof. If Wq = A^^ ( 7 ^) ~ "^k"^ ( c d) distinct elements of 5, 

then WqW^^ i F^,. Furthermore it is clear that (^^^^(«^)"^ = A^WqW^^AI^ G 

AkTA'^^. Hence Lemma [Q] gives \'~id* - 5c*\ > l/r^.. As in ([3^ . since < I7I, |c| < 
X, we also get that 

11, 1 H hd* -6c*\ 1 1 



|c| 7"fc|7||c| rfcX2' 

Using Lemma 13.21 with r = 1/{ti^X'^) we get 

n 

and the lemma follows. □ 

Corollary 3.6. Let bo = and 6n+i = 00 and assume that 53 is such that < bi < 
... < bn- Let < C < D. If < X < ^ for some j G {0, . . . ,n} (here 



Dj\fb^ is interpreted as infinity), then 

n 

where /cs > depends only on C , D and T. 

Proof. Using Lemma 13.51 and the bounds on X we find that 

3 n n 

^Ux)<k^ll{l + D^) n + < A:5X2(-i) J] 6„ 

1=1 i=j + l i=j+l 
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wherefe5 = A:4. max f nLi(l + DL^+i (l + VC^')) • □ 

je{0,...,n}V / 

We now prove a lemma that will be very useful when dealing with non-cuspidal 
eigenfunctions in Section [6121 

Lemma 3.7. Let k G {1,...,k}. Assume that 53 is such that = 6o < 6i < 
... < bn < bn+i = oo. Let < C < D and let < A < B be such that 
[A, B] C ^ — , -j= for some j G {0, . . . , n}. Let X^iy denote the sum over a set of 

representatives W = A~^^ (c d) ^ restricted by A <\c\ < B and —c~^d G 53. 

Then the following holds: 

^\c\- 2{n-3)-u .1.1^ 

iJere ^5 = k^{V,C,D) is the constant from Corollary \3.(A The result in (ii) holds 
also with j = and B = 00. 

Proof. We present the proof of (i). The proof of (ii) is entirely similar. Using 
Corollary 13.61 we get that for any 7 G (0, A) the following holds: 



w 



i=j+i 

n 



Finally we let 7 — )• which gives the desired inequality. □ 



4. Spectral theory 

4.1. Spectral decomposition of L^(r\EI"+-'^). Let A denote the Laplace-Beltrami 
operator on F \ BI"+^ and let 00, (/^i, </>2, ••• be the L^-eigenfunctions of —A. We take 
these to be orthonormal and ordered with increasing eigenvalues = Aq < Ai < 
A2 < .... In general, we do not know if the set {(j)o, 0i, 4>2, ■■■} is infinite or not. 

Each (pm is smooth, and by mimicking [9l pp. 23-26 (Prop. 4.10, Prop. 4.12)], O 
pp. 105-107 (Thm. 3.1, Thm. 3.2)] one finds that it has a Fourier expansion at the 
cusp rj£ of the form 

^^{Aj\x + yin))=coy''-'-+ Yl c^y"/'i^s„-n/2(2^l/^|y)e'"*<'^'"\ 
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where Sm £ [^^Z^, n] U [n/2, n/2 + ioo) is given by Am — — Sm) and where A« 
denotes the dual lattice of Af defined by 

A} = {fi\ (/x,7) G Z for all 7 G A^- 

Here the coefficients depend on i (as well as on m), and if we find it necessary to 

specify this dependence we will write cjf\ Note that c^^ = for all ^ G {1, . . . , k} if 
and only if (pm is a cusp form, and this is always the case when Am > (f 

Next, for each k G {1, . . . , k}, P G H""'"^ and s G C with Res > n, the Eisenstein 
series Ek{P,s) is defined by the absolutely convergent sum 

Ek{P,s):= Yl iVAkMiP))'- 

(One easily checks that the right hand side does not depend on the choice of admis- 
sible Ak-) This function has a meromorphic continuation to all s G C, and 

Ek{W{P),s) = Ek{P, s), G r, VP G 11'^+^ 

Ek{P,s) is C°° on ]H"+i X (C - {poles}); 

(A + s{n - s))Ek{P,s) = on M^+i x (C - {poles}). 

Furthermore, all poles of Ek{P, s) in Re s > ^ are restricted to the segment s G (f , 
in particular there are no poles for Res = ^. Cf. [H Ch. 6], and also |4t §7.27]. 

For s 7^ pole, the Eisenstein series Ek{P,s) has a Fourier expansion at the cusp 
rj£ of the form 

Ek{Aj^{x + yin),s) = SkiV' + ^My""-' 

+ Yl «M(^)y"/'^.-n/2(2vr|/x|y)e2-<'^'-). 

(Cf. [H 6.1.42], with a misprint corrected.) Of course the coefficients depend on 
k and i but this will be suppressed in the notation. We collect the meromorphic 
functions ipke in a matrix ^{s) = (^ipke{s)) called the scattering matrix for F (cf. [U 
§6.1.55]). ^{s) is symmetric and for generic s G C we have 

K 

(4.1) $(s)$(n - s) = /, i.e. 'Y'Pjkis)^ke{n - s) = 6ji, 

k=i 

and the functional equations 

K 

(4.2) Ek{P,n-s) = Y,Vke(.n-s)Ee{P,s), ke{l,...,K}. 
Differentiating ()4.ip we obtain 

(4.3) Y 'P'jk{s)Vki{n - s) = Y 'Pjkis)f'kein - «)• 

k=l k=l 

Furthermore $(s) satisfies the relation 

(4.4) ¥(i) = $(s). 
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and we recall that (by ()4.ip . (j4.4p and the symmetry) is unitary on the line 



2 ' 



(4.5) Yl ^^"^ + ^^)'/'^fc(f + = 

k=l 

Now any / € L^(r \ H""^^) can be spectrally decomposed as follows: 

(4.6) /(P) = Cm<Pm{P) + Y 9i{t)Ee{P, t + it) dt 

(convergence in the L^(r \ EI""'"^)-norm), where = {f,4'rn) and ^^ge{t) = 
^ Jj, f{P)Ee{P, f + it) dv{PY (since Ei{-, ^ + it) i L^{r \ IH"+i) this has to be 
properly considered as a limit in L^(0, oo)), and we have a corresponding Parseval's 
formula: 

(4.7) \\f\\h = TAcm\' + 2nyi Mt)\'dt 



m>o e=i 



Cf. [i Thm. 7.1, Cor. 7.2, §7.29] and also use g21) and 

4.2. Pointwise convergence. We will give conditions on / that guarantee that the 
right hand side of ()4.6p is uniformly and absolutely convergent on compact subsets 
of H"'"'""^. Note that whenever this holds, equation ()4.6p holds true as a pointwise 
relation, for almost every P G H"^^. This is proved by a standard argument, taking 
inner products with characteristic functions of nicely shrinking sets and using \26\ 
Thm. 7.10]. 

The arguments in the present section should be compared with [9, pp. 243-245, 
732], where the case n = 1 is considered. Note that our treatment is different from 
Hejhal's, in that we do not use the Green's function. 

For any real A; > we introduce the Sobolev spaces H'^iT \ E["+^), 

:= /GL2(r\IH"+i) I Y\c^W^ + l\^>' + Y / \9e{t)\\t + l)^'^dt<^l 

^ m>0 1=1 ^ 

where G [— z^,0) U [0, +oo) is defined by the relation = f + irm, and it is 
understood that / satisfies (j4.6p . This space is equipped with the norm 



PC 

m>0 1=1 



Mt)\Ht + if^dt. 



Proposition 4.1. Let k > and f G H''{T \ ]HI"+^). Then the spectral decompo- 
sition (|4.6p converges uniformly and absolutely on compact subsets ofW^"^^. 

Proof. Let i? > be a large number, say R > 100. We need to estimate the 
expression 

/-co 

Dr:= Y \cmcl>m{P)\+Yl / \ge{t)Ee{P,^ + it)\dt. 

rrr,>R 1=1 ^ 
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Using the Cauchy-Schwarz inequality we find 

(4.8) Dr<(^Y. |Cm|V,n + l|'')'^'( km + ir''|</'m(^')|')'^' 

+ E(/ \9i{t)\'{t + lf''dt) (/ (t+l)-2fc|i?,(p,|+it)|2dtj . 

£ -j^ 'J R J R 

Since / £ H^iV \ W^^^), the first factor in each product in ()4.8p tends to zero as 
R oo. Hence it suffices to show that the remaining factors are uniformly bounded 
on compact subsets of 11"+^. 
For T > let 



Sp{T):= \^^(P)\^ + ^ r \Ee{P,^+it) 

\rm\<T e=l •'^ 



By the Bessel inequality argument in [4, §7.3, Cor. 7.7], but applied with the full 
spectral expansion (|4.6p (cf. [161 Prop. 7.2] for the 2-dimensional case), we have, for 
all T > 1 and all P £ EI"+\ 

(4.9) Sp{T) = o(r"+i + r3^r(^)"), 

where the implied constant depends only on T. The factors in (|4.8p that remain to 
be estimated all have squares bounded by the integral 

POO 

(4.10) / (t + iy^'^dSpit). 

Jo 

By integration by parts we obtain 

{t + l)-^^dSpit)= {t + l)-^''Spit) +2k {t + l)-'^''-^Sp{t)dt. 
L -1 Jo 

Hence, using the assumption k > the bound (j4.9p and the fact that 3^r is 

continuous, it follows that the integral in (j4.10p is uniformly bounded on compact 
subsets of EI"^-'^. This concludes the proof. □ 

Next we will give more concrete conditions on / which force Proposition 14.11 to 
apply. 

Lemma 4.2. // / G C2(H"+i) n L2(r \ ]H"+i) and A/ e L2(r \ M'^+i), and if f has 
a spectral decomposition as in (|4.6p . then the spectral decomposition of—Af is 



. — \n /} -1 ^ 



m>0 i=l 

Proof. Given i/j G C;?°(M>o) we let 



k{P, Q) := V ( ^ ) , (P, Q) G EI"+i X 



be the associated point pair invariant. The corresponding integral operator. 



Lkg{P)= [ k{P,Q)g{Q)dv{Q), 
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is a bounded linear operator on L^(r \ EI"^"^). According to a general lemma of 
Selberg, [28], if g G C^(EI"+^) is a solution to the equation — A^r = Xg {g need not 
be F-automorphic) , then 

k{P,Q)giQ)dv{Q) = hk{X)g{P), 

1+1 

where /ifc(A) is independent of g. 

We let ki{P,Q) := —Aik{P,Q), where Ai indicates that A operates in the first 
argument. Then ki is also a point pair invariant and if 5 G C'^ {W^~^^) Ci L'^ {T \ M"'^^) 
is such that Ag G ^^(r \ EI"+i) then 

(4.11) Lk{-Ag) = Lk,g 

(of. [281 PP- 51-52 (with /x = Id)]; in particular note that Aik{P,Q) = A2k{P,Q), 
and apply Green's formula). Applying (|4.1ip with (e.g.) g{P) = yp (where s{n—s) = 
A), we conclude hk^{X) = Xhk{X). Now, if we write the spectral decomposition of 
-A/ as 

PCX) 

-A/ = E dm(l>m + E / § + dt, 

and apply ()4.1ip (with g = f), we get by comparing spectral coefficients: 

(4.12) CmXmhk(Xm) = dmhk{Xm), 

and 

(4.13) g,{t) ((§)2 + t^)hk ((1)2 + t^) = h{t)hk ((1)2 + f) , 

for all ^ G {1, . . . , k} and almost all t > 0. 

To conclude the proof, we point out that for any given M > it is possible to find 
a point pair invariant k such that hk{X) / for all A G [0, M]; cf., e.g., [H Lemma 
7.5]. Applying (|4.12p and ()4.13p for such choices of k (letting M — )■ cxd), we conclude 
dm. = CmXm for all m and je{t) = ge{t)(^{^)'^ + for almost all t > 0, as desired. □ 

Remark 4.3. For / as in Lemma 14.21 we obtain, using Parseval's formula ()4.7p : 

E w'i(§)'+^^r+2-E / Mt)m?+t'\'dt< 00. 

Thus / G F2(r\EI"+i). 

Remark 4.4. Let ko = [^^^J + 1- By repeated use of the argument in Lemma 
10 and Remark lU we find that if / G C2'=o(EI"+i) r\L'^{r\ M"+i) is such that 
AV G L2(r \ M^+i) for all < £ < feo, then / G i72'=o(r \ ]H"+i). Since 2fco > ^ 
it follows from Proposition 14.11 that the spectral expansion of any such / converges 
uniformly and absolutely on compact subsets of H""'"^. 

5. Rankin-Selberg type bounds 

In this section we prove Rankin-Selberg type bounds on sums of absolute squares 
of the Fourier coefficients of the Eisenstein series or a cusp form at a cusp. 

From now on we assume that 00 G {rji , r/^}. Any discrete subgroup of PSL(2, C„) 
can be brought into such a form by an auxiliary conjugation. Of course we may as- 
sume that rji = 00. By a further conjugation we may also assume that Ai = (g ?)■ 
We define fiQ by fio := min^gA*\{o} ImI- 
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5.1. First versions. We first consider the Eisenstein series Ek{P, § + iT) for T S 
M>o, and its Fourier expansion at the cusp at oo. 

Proposition 5.1. Let Y > Q he fixed and let k G {1,...,k}. Consider the Fourier 
expansion of Ej.{P, ^ + iT) at the cusp r/i = oo." 

(5.1) Ek{x + yin,% + iT)=5kiy^+'^ + ^ki{^ + iT)y^-'^ 
Then we have, uniformly over X > ^ and Q <T <Y : 

|a^(f + ir)|' = o(x"(i + iog+(x))), 

0<|m|<X 

where the implied constant depends only on Y and T. 

Proof We mimic |32l Prop. 4.1]. Let Vi be the interior of a fundamental parallelo- 
gram for the lattice Ai. We will now for varying R and H, satisfying < R < H, 
study the integral 



J:= [ \Ek{P,^+iT)fdi^{P). 
Jv,x(RM) 



lVix{R,H) 

By the automorphy of the Eisenstein series we get 

(5.2) / l{W{P)eVix{R,H))\Ek{P,^+iT)\^di^iP), 

where /(•) is the indicator function. 

We let To := max^^^i^ ^.y tiT£ and define 13 := inayi{Bo, H,tqR^^) (recall the 
definitions of Bq and T£ given in Section 12. ip . For each P £ \ there exists 

£ G {1, such that P G 7^(5), i.e. yAi{P) ^ ^- Using Lemma we get that 

for each W 

TiT(i Tq 

yw(p) = yAiW(p) < < — < ^, 

VA.iP) B 

unless £ = 1, W & Too and yw{P) = VP > B > H. In either case we have W{P) ^ 
Vi X (i?, H). This proves that the integrand in ()5.2p is equal to zero for all P S J^\J^§ 
and all G r and we conclude that 

(5.3) ^ = E / ^i^iP) e ^1 X {R, H)) \Ek {P, § + iT) I' dij{P). 

We now note that both and Vi x (i?, H) are bounded regions which, since F 
is discrete, implies that 

#{W G F I W{F^) n {Vi X {R,H)) / 0} < 00. 

This in turn implies that there are only finitely many non-zero terms in the sum 
()5.3p . Hence we may interchange the order of summation and integration to get 

J = ! #{W ^T\W{P)^Vix{R,H)]\Ek{P,l+iT)\^du{P). 

J^B 
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Using Lemma [331 and the fact that \T'^ \ Too\ < oo, we get 

#{w e r I w{P) eVix {r,h)} < #{w g r'^ \ r | y^iP) >R} = o{i + ^ 

where the bound is uniform for ah P G ET^^"^ and all i? > 0. Furthermore, by 
Lemma [Owe have \Ek{P, § + zT) | = ©((J^rl-P))"/^) uniformly for < T < y and 
P £ H""*"^. Hence it follows from Lemma [2. 81 that 

(5.4) j = o[[l + ±)log{2B 

Next we substitute the Fourier expansion given in (|5.1|) in the definition of J. 
Using Parseval's relation we find that J equals 



nJ^A. Jr y 



> ^. 

We take H = and R = (27rX)~^ Note that for such R,H we have [l,27r] C 
[27r\ii\R,2Tr\fi\H] for all G \ {0} with < X. Thus 

(5.5) Yl K{l+iT)\^ <C~'J^ 

0<|/x|<X 

where C is defined by 

i-2w 



C = CiY) = \Vi\ inf / K,T{tf-. 



Finally we note that with these choices we get B = ma.x(Bo, fi^^ ,2tttqX), and the 
proposition follows from ()5.4p and ()5.5p . □ 



We continue with a similar result concerning (certain) cusp forms on F \ H""'"^, 
where we also keep control of the dependence on the eigenvalue. 

Proposition 5.2. Let (p be a cusp form on F \ M"'~^^ with eigenvalue X = (^)^ + T^, 
T > , normalized in such a way that J-p\(j){P)\'^ di^^P) = 1. Consider the Fourier 
expansion of (f) at the cusp r/i = oo ; 

(5.6) H^ + yi„)= Y c^y"/'i^iT(2vr|/i|y)e2-<'^'-). 

Then we have, uniformly over X > 

E M^-o(»'^(^+(r^ 

o<|m|<x ^ ^ 

where the implied constant depends only on F. 
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Proof. We let 

3:= / \<PiP)\^duiP), 

where < R < H. By the same argument as in the proof of Proposition 15.11 we 
obtain 

We let R=^ and H = For such R and H we get 



(5-7) Z = 0(1+ , ,. 

If we instead substitute the Fourier expansion ()5.6p in the definition of 5 and apply 
Parseval's relation we get 



With the above choice of R and H we have [^-^,-^^] C [27r\fx\R,2TT\fi\H] for all 
/X E \ {0} with l/^l < X. Thus 

0<|/x|<X 

where C is defined by 

(5.8) C = \Vi\ [~K,T{tf^. 

Jt±1 t 

4 

By a minor modification of |3H Lemma 3.1.2] (cf. also [2]) we find that = 

0{{T + l)e"^) holds for ah T > 0. This fact together with gives the desired 

result. □ 

5.2. Strong version for the Eisenstein series. Finally we prove a Rankin-Selberg 
bound for the Eisenstein series with explicit control on the dependence on the eigen- 
value. First we recall some properties of the spectral majorant function W{t) which 
is defined in [H eq. (7.10)]. W{t) is an even function that depends only on F, and 
W{t) > 1 for all t E M. As in P p. 315] (cf. also [4, Prop. 7.12]) we have 

K K. 

(5-9) EE + m^kA'^ + m = 0{W{T)), 

k=i j=i 

for all T E M. We also recall from [H Thm. 7.14] that 

l-T 

(5.10) 



f W{t)dt = 0{T"+^) asT^oo. 

^0 



We also need the "cut-off" Eisenstein series E^{P,s) which is defined, for any 
5 > 5o and P E T, by 



EkiP,s) HP^Tb, 
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Using the appropriate Maass-Selberg relation 6.1.62]) we obtain, for all s £ C\M 
with Res > §: 

(5.11) l^\E^iP,s)\'duiP) 



+ 



s + s — n s — s 

We want to consider s-values of the form s = + it with t G M, but we notice that 
for such s the right hand side of (j5.11|) is not well-defined since s + s — n = 0. In 
order to overcome this problem we let s = o" + iT with T ^ fixed and let cr —t- ^ 
from the right. The following computations correspond to |4i Prop. 7.12 (ii)] but 
keep track also of the dependence on B. 

In terms of a and T, the right hand side of ()5.1ip equals 

B'^---B--'^Y:UMa + ^Tr ^^kja + iT)B^'^ - ^,k{<7 + zT)B-^^^ 
2a -n 2iT 
Using ()4.5p we note that 

B^'^-^-B^-^'^ZU\^kj{cT + iT)\'' 



2a — n 



1 ^ d 

2logB--Y,jr-(\v>k,{^ + iT)\ 



2^ da 

i=i 

Furthermore, it follows from ()4.3p and ()4.4p that 

j=i r 2 j=i 

and hence 

B^^-^-B^-^-ZUM<^ + '^'^\' 
2a — n 

K 

^ 2 log i? - ^ V'fci (§ + iT)^kj{^+iT) as a 

We also note that 



2 ■ 



2 ■ 



2iT ~^ ^\ 2iT J 

We can thus conclude that for T 7^ we have 



as fj — )• ^ . 



= 21ogS - 5]^.(f + ir)^fc,(f + iT) + Ref 
i=i 

Finally, using ()5.9p . we obtain that for all T > 1 we have 

(5.12) ^ (p, § + ir)|' di/(p) = 2k log B + o(Ty(r)). 



fe=l 
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We are now ready to prove the following proposition. 

Proposition 5.3. In the Fourier series (jS.ip we have, uniformly over X > ^ and 
T>0, 

E + iT) f = 0(e-(r + ^^)){ ,og+ + t) + W(T)}. 

where the implied constant depends only on T. 

Proof. We recall from the proof of Proposition 15.11 that 

(5.13) j = o{l + ^) I \Ek{P,'i+iT)\^du{P). 

Using ()5.12p . we obtain for all T > 1: 
(5.14) 



/ |e|(P. § + iTfdu(P) = o(l + -i;) { log B + W{T)], 



where the implied constant depends only on F. The bound (|5.14p holds also for 
< T < 1, as follows directly from ([533]) (cf. dElD). 
We also recall that 

As in the proof of Proposition 15.21 we let R = |^ , H = j^j^ and note that with 
this choice we have 

0<|m|<X 

where C is given by (j5.8p . Recalling the definition of B as well as the facts C^^ = 
0{{T + l)e'^^) and W{T) > 1 we get, uniformly for X > ^ and T > 0, 

o<Ia*|<a: 

.o((r.:,.-(:.(|fj)")){,„,.(^.r).,.,.,}. 

which is the desired bound. □ 

6. The horosphere integral 

As discussed in the introduction, our main objective in this paper is to prove 
statements of the form: 

(6.1) I Xd,'({u)f{uiUi -\ \- UnUJn + yin) du 

Ol ■ ■ ■ On JR" 

as y — 7- 0. Here / is an arbitrary (compactly supported) test function on F \ H""'"^ 
and ui, . . . ,Un is a basis of the lattice Ai corresponding to the cusp rji = oo; also 

(6.2) xs,^{u):=x{^,...,^), 
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where x ■ I^" — )• M is a fixed measurable function with compact support, 7 = 
(71, . . . , 7„) G M", d = {61, . . . , 5n) G (0, 1]", and the numbers . . . , (5„ are allowed 
to shrink with y as y — )• 0. We are interested in what restrictions are needed on 

. . . , (5n as y — )■ in order that (j6.ip holds. Furthermore, when (j6.ip holds, we 
wish to prove precise results on the rate of convergence in ()6.ip . 

We will call the left hand side of ()6.ip " the horosphere integral" . We will focus on 
the situation where x is either smooth or the characteristic function of the rectangle 
[—1/2, 1/2]". Recall that in the latter situation we are in fact studying "horosphere 
pieces" of the form 

jiiiCJi H h Uni^n + yin \ Ui £ [Oj, fov i = I, . . . , n| 

where /3i - ai = 6i for i = 1, . . . ,n. (Here = 7^ - 6i/2, /3i = 'ji + 5i/2.) 

To prove (j6.ip we will use the spectral expansion of / and Fourier expansion of 
X5.-y{u). The first step is to note that, since u 1— )• f{uiUi + . . . + ii„a;„ + yin) only 
depends on u modulo Z", we have 

(6.3) I Xd,j{u)f{uiUJi-\ \- Unii>n + yin) du 

Ol- • • On Jr" 

'^S,'({u)f{uiUJi -\ \- UnU^n + yin) du, 

Ol • • • On Jri/Z" 



where 

(6.4) ^snit^) ■■= ^ XsM'^ + ^)■ 
Note that ^^^-^(it) depends only on u modulo Z". Let us suppose that x is smooth. 
Then also ^s,-y is smooth, and may be expanded as a Fourier series 

(6.5) ^s,jH = f ^sM'^)^"^"'^'^''^^ du) e2-*<'^''^). 

Substituting ()6.4p in ()6.5p and changing order of summation and integration we get 

(6.6) ^5,-y(w)= Yl 

where xsrr is the Fourier transform of xs,-y, viz. 

xJr7M= / XSni^)e-''''^'''''^ du. 
Note also that (via the substitution Uj = 7j + 6iXi) 

n 

(6.7) x^^(i.) = (n'^.)e"'"'^"'''^x(<5i^^i, 

The following formula for xsrt ^ii^ ^i^*^ useful. 
Lemma 6.1. Letu eW\ {0} and m € Z>o. T/ien 

m-) = (i)"^ X. ((-.|^ + ■ ■ ■ + ■'"a|:)"'«^^(''))'"'<"^"' 

Proof. The lemma follows from a straightforward application of [30^ p. 4, Thm. 
1.8]. □ 
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Using Lemma |6. II we find that for all u G M" \ {0}, 

x(^) = o(||xlkilH-"^), 

where the implied constant only depends on m G Z>o and where 

||xlU,i := ^ II-^^^xIIli(ir") 

|£|<m 

is the norm in the Sobolev space W'^'^{W''). (Recall that for any multi-index I = 
(^1, . . . ,in) of length \l\ we have = — ' .) Using this estimate (with m = 

and m = k) together with |((5ii^i, . . . ,5ni^n)\ > ( min in ()6.7p we conclude 

i6{l, .••,"} 



n 

(6.8) 5(In{^) = o(\\x\\k,iJ[5-, 



i=l 




if W\ ^ ( mill ^i) ^ 

\G{l,...,n} ' 

mm (54)11^1) if 1*^1 ^ ( mill ^i) , 



ie{l,...,n} / ie{l, .■■,"} 

where the implied constant only depends on /c G Z>o. 

6.1. The horosphere integral for cusp forms. In this section we study the 
horosphere integral when / is a cusp form eigenfunction. We begin with a bound on 
sums of the Fourier coefficients of cusp forms, twisted with an additive character, 
generalizing ^ Thm. 3]. 

Recall that f2 = {ui,U2, ■ ■ ■ , uJn} is a basis of the lattice Ai. For i = 1, . . . , n we 
define lj* to be the unique element in satisfying the relations {u:*,u:i) = 1 and 
{u>*,u>j) = for i 7^ j. Then Q,* = {u>1,(jJ2, . . . ,0^*} is a basis for A^, i.e. 

A^ = |mia;i + m2u:2 H ^ "T-n'^n | mi, . . . m„ G z|. 

Proposition 6.2. Let <j) be a cusp form with eigenvalue A > 0. We define s via 
A = s(n — s), s G [n/2,n) U [n/2,n/2 + ioo). Let the Fourier expansion of (j) at the 
cusp rji = CO be 

(6.9) cPix + yin)= Yl c^y"/'^s-n/2(2vr|/x|2/)e2-<'^'»'). 

Let Co := 0. Then the following holds, uniformly over M = (Mi, . . . ,M„) G Z>q\{0} 
and («!, . . . , an) G M"; 

■■■ E c™ic.^+...+rn„c.*e2-(-i"i+-+™""")=o(|Mr/2(log(2|M|))"+^), 

mi=0 m„=0 

where the implied constant depends only onT, (j) and fl. 

Proof. We let /q, := niLit"^* — ^jOj + We will study the following integral, for 
varying (Mi, . . . ,M„) G Z^q \ {0}, (ai, . . . ,a„) G M" and 6 G [0, 1): 

IC := / (t>{uiui H h UnUJn + yi„) 

Ml Mn 



mi=0 m„=0 



^2wi{mi{ai-ui)+-+m„{a„-u„))\ dui . . . dUndy 
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To begin with we recall that (f) decays exponentially in each cusp, which implies that 
(f) is bounded on H"'''^. In particular this means that we can find constants A^B > Q 
such that \4){x + yin)\ < Ae~^y for all x + yz„ G ]HI"+^. Using this observation we 
get 



(6.10) 



Ji. 



Ae-^y 



y 



Ml M„ 

mi=0 m„=0 

Ml M„ 



„27ri(mi(oi-«i)H |-m„(o„-M„)) 



dui . . . dundy 



yU 



j=l"'-2 m.j=0 



mi=0 mn=0 
1 A/, 



^27ri(mi(ai-«i)H hm,i (a„-ji„)) 



' 2 ' 



dvj = O 



dui . . . dur, 

log(2M,J---log(2M,,; 
1-5 



where Mj^ , • • • , are the nonzero coordinates in (Mi, . . . , M„). 

On the other hand, substituting the Fourier expansion (|6.9p into the definition of 
/C, we get 



(6 



-'0 Jlo,n^..^K* 



Ml M„ 

XI E ••• E ^ 

mi=0 m„=0 



27ri(mi(ai-tJi)+-+m„(a„-ii„))^ rf^i . . . dUndy 

yS 



Here, for each fixed y > 0, the inner integral equals 



c^y"/'-''i^.-„/2(27r|/.|y) 

/ Ml M„ „ V 
^ I . . . g27rj(miQiH |-m„a„) / g27rj(/x-mia;;; mnOJ* ,tJiu;iH h"n'Jn> ^^.^^ | 

^mi=0 m„=0 ^ 
Ml M„ 

= E E^-i-H---+-.-?;y"^'"'^-n/2(2^l"^i^^ + --- + "^"<|y)e2-('"^°^^ 

mi=0 m„=0 
miH hmn>0 
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and since this is a finite sum it follows that we can change the order between inte- 
gration and summation in ()6.1ip . Using [Ml p. 388(8)] we obtain 



(6.12) 

^ = X] ' ' ' '^miuil- 
mi=0 m„=0 
miH hm„>0 



^2ni{miaiA \-m„a„) 



poo 

Jo 



Ml M„ 



ni=0 m„=0 
miH hm„>0 



4 V2 2/V2 2 

Combining (j6.1U|) . (j6.12|) and the observation 



inf 

5e[o,i) 



^S-n/2-l ^ ^ nj^ 6 + s \^ p / 1 + s S 



> 



yields 
(6.13) 

Ml Mn 

„ . Imw 1* J- J- m , ,* |<5-"/2-l„27rj(miOiH \-m„an) 



mi=0 m„=0 
miH |-mn>0 



^^ log(2M,J---log(2M,J \ _^/(log(2|M|))' 



1 - (5 



1-5 



for ah M = (Ml, . . . , Mn) G Z^g \ {0}, (qi, . . . , a„) G M" and 5 £ [0, 1). 

We call the sum in the left hand side of ()6.13p S{Mi, . . . , Mn) and we define 
^(O, ...,0) :=0. We also define 

g{xi, ...,xn):= \xiujl + ■■■ + XnU^X^^^^'^ , 
and note that g is smooth in \ {0}. Using Corollary 12.11)1 and (j6.13|) we get 



Ml Mn 



j,27rj(miaiH |-m„«„) 



(6.14) 



^ ^ ■ ■ ■ ^ ^ CmitjJH hm„a;* e 

mi=0 m„=0 

/ 9A,N\Aix)SA^N\A{x)dx 



o 



log(2|M|))" 



1-6 



E 



\gA,N\A{x)\ dx \, 



n,gA[o,M,.] 



where we recall that A'^ = {1, . . . , n}. 
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In order to bound the right hand side of (j6.14p we need to estimate the derivatives 
of g. We note that 

n l_5 

g{xi,. . . ,Xn) = Q{xi,. . . ,Xn)4: 2 2, 

for some positive definite quadratic form Q that only depends on il* . We let ki,k2 > 
be such that 

(6.15) ki\x\^ < Q{x) < k2\x\'^ 

for all X = (xi, . . . ,Xn) G IR"- Differentiating g and using (|6.15|) we obtain, for all 
£C G \ {0}, 6 £ [0, 1) and multi-indices £ = (^i, ...,£„) of length |£|, 

(6.16) , , g{x) = 0(|^r/2+i-W-^). 

dx{'---dxi" ^ VI I ; 

(The implied constant depends only on Q and 

Using ()6.16p we can now estimate the integrals in ()6.14p . Ifn/2-|-l — (5<0 
then 

(6.17) 

/ \gA,N\Aix)\dx = 0(1) I \xr/^+'-\^\-' dx = o{\Mr/'+'-'), 

n,6A[0,Af,] |3:|<|M| 

xi,...,x^ji^>0 

and if n/2 + 1 - 1^1 - (5 > then 
(6.18) 

I \gA,N\Aix)\ dx = 0(|Mr/2+^-l^l-^) I dx = 0(|Mr/2+i-^). 

Combining (l6Tl]l . (l6TT)l and ([638]) we get 

V V c ,2..(™..,+...+.„.„) _ / |Mr/^-^^-^(log(2|M|))- N 

mi=0 mn=0 

Finally we choose 6 = 1— (log(3|iW|)) ^, and conclude that 

Ml Mn 

■■■ E c™ic.j+...+™„...e2-(-^-^+-+-""")=o(|Mr/2(log(2|M|))"+'), 

mi=0 mn=0 

for all M = (Ml, . . . , M„) G Z^g \ {0} and all (ai, . . . , a„) G M". □ 

Remark 6.3. In the same way we find that for all (ei,...,e„) G {±1}", iW = 
(Ml, . . . ,M„) G Z|o \ {0} and (ai, . . . ,a„) G M", 

Ml M„ 

\ ^ \ ^ „ ^ 27rj(£imi«iH |-£nm.„a„) 

/ ^ ■ ■ ■ / ^ t-eimiojJH henm„aj* e 

mi=0 m„=0 

= o(|M|"/2(iog(2|M|))"+^ 
where the implied constant depends only on F, and 0. 
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We continue to consider the cusp form described in Proposition 16.21 having 
a Fourier expansion at infinity given by (|6.9p . We are now ready to study the 
horosphere integral of <j): 

X := I '^S,'f{u)4>{uiUi -\ VUnljJn + yin)du. 

Cf. ()6.3p : here ^s,-y is given by ()6.4p . where we assume that x '■ I^" — )■ M is a smooth 
function of compact support. Using the expansions (|6.6p and ()6.9p and integrating 
term by term yields 

(6.19) X=^-i-^ c^^y"''^K,_^,2{2^\^l\y)x^^{-m), 

where in the term corresponding to m = (mi, . . . ,m„) G Z" \ {0} we have /x = 
micj* + • • • + m„a;* . For each nonempty D C {1, . . . , n} we define 

(6.20) Rd := {m e I rrij / iff j € L>} C Z". 
Hence we have 

(6.21) X=_l_ ^ ^ c^y"/2K,_„/2(2^|/x|y)xJ:^(-m). 

^ "Dc{l,....n}me-RD 

Proposition 6.4. Let x ■ 1^" — )• M 6e a smooth function with compact support. 
Let e > and let (p be a cusp form with eigenvalue A. Define s via A = s{n — s), 
s G [n/2, n)U[n/2, n/2+ioo). Then the following holds, uniformly over allO < y < 1, 
all ^ = (71, ... , 7„) G M" and all 61, . . . ,6n satisfying < . . . , (5„ < I.' 



z 3— J- /" X5,7(lt)<A(^il^l H \- Un^^n + Vin) du 

h • • • On JR" 



, Re s—n 

Oi 

iG{l,...,n} 

where the implied constant depends only on T, (j), Q and e. 



0(||xl|n,iy"-^''^-^( min 6,y 

V iGil nl ^ 



Proof. We estimate each inner sum in ()6.2ip separately. That is, given a nonempty 
D = {ji, . . . ,j\D\} C {1, . . . , n} we want to estimate 

A ^ A 2Z CM2/"^^^s-n/2(27r|/i|y)x5;:y(-m). 
Ol ■ ■ ■ On 

We let := Rd n (Z>o)". It will be sufficient to estimate 

(6.22) S+ := ^ c^y"/2K,_„/2(27r|/x|y)xJ:^(-m). 

Ol ■ ■ ■ On I 

The remaining parts of Sd can be estimated in the same way using Remark 
We now fix a monotone function -0 G C°°(M>o) satisfying 



1 if X G (0, 1] 
ifxG[2,oo) 



and let y := max 6i ^. We split St. as 

ie{l,...,n} 

(6.23) 5+ = 5|) + 5; 
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with 

^D--=T^ E V'(^"Vl)cMy"/'^.-n/2(2vr|/i|y)x^(-m) 

('1 ' ' ' On I 

mG-RJ, 

and 

Sl:=-^ {l-^PiY-'\rn\))c^y^/^K,_^/2{27^\^L\y)x^^{-rn). 

01 ■ ■ ■ On 



Next we discuss some estimates that will be used repeatedly below. As in (|6.16p 
we have, for each multi-index £ = . . . of length \£\, 

(6-24) + I) =0(1^1^-1^1). 

ox/ ■ ■ • OX-' 

n j\D\ 

We also need estimates of the K-bessel function. If u = Re s we have 
(6.25) K,_n/2in) = 0(n"/2-<x-.)^ i^;i/2(^) = ©(u^/^"'^-"^) 

for u > and m> 1. For further details see [3ll pp. 77-80, 202]. 
We first consider 5]^. We note that 

(6.26) 

^"^^J^^JX E c^e2-^-'")V'(>^-Vl)y"/'i^s-n/2(2^|/x|2/)x5,^(^^))dn. 
We now fix It G M" and estimate 

(6.27) ehin):= Yl c^e'"*<"^'"^V'(l^- Vl)y"/'^s-n/2(27r|/x|y)x5,^(^^). 
In order to apply summation by parts to (|6.27p we define 

no\ ( \ 2iTi(mj.Uj A ni "ji ni ) 

(6.28) a(mj,,...,mj|^|) :=c„^.^^.^+...+^^.|^^^.^^e w 
(recall that cq = 0) and 

g{x) := ij{Y-^\x\)y'^/'^K,_n/2{2TT\xj^u*^ + ■ ■ ■ + Xj^^^u;*^^^\y)xs,fiu), 
where ). We also define 

(6.29) S{Xj^,...,Xj^^^) := ^ ••• ^ a{mj^, . . . ,mj^^^). 
Applying formula ()2.13p we get 

(6.30) 6i,(w) = (-1)1^1 Y [ 9Afi{^)SAA^) dx. 

It follows from Proposition l6.2l that = 0{\x\^/'^~^^). Here, and in all estimates 

in the rest of the proof, the implied constant depends only on F, 0, and e. We also 
have 5*0 = co = and hence the corresponding term in ()6.30p is zero. It remains 
to consider nonempty A. 
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We now turn to the derivatives of g. Recall that the derivatives of g in (j6.30p 
correspond to multi-indices of the type i = {£i, . . . ,£\d\) satisfying £{ < 1. For each 

such £, — — i-—-g{x) is the (finite) sum of all expressions of the form 

(6.31) y'''\s,-y{u) {m^M)) 

OX, ■ ■ ■ ox- 

n ]\D\ 

where 1^,1"^ are multi-indices satisfying = I. Using ()6.24p (but with {lj*^ , • • • , ^^^j } 

replaced with an orthonormal basis) and noting that all derivatives of ■0(^~^|a^|) are 
zero except when y < |a;| < 2Y , we get 

(6.32) __^^__(^(y-i|^|)) = 0{\x\-\''\). 

Applying (|6.24p and ()6.25p (modifying the second bound in ()6.25p into K^"^^^^{u) = 

0(ti"/^~'^~"^~^); this being allowed since K^gl^j^^^{u) anyway decays exponentially as 

u — )• oo) yields 

(6.33) 



yKs-n/2{2n\x,,u*,+---+x,^^^u*^^^\y)) 

^x^■■■^x■\''J^ 
Combining (j6.3ip . (j6.32p and (|6.33p we obtain 

91^1 



dx'^ ■ ■ ■ dxy 



g{x) = 0(y"-'^-^|x5,^(«)||a;|"/2— l^h-). 



Returning to (|6.30p we have 
J 9A3i^)SA3{^)dx 

= 0{y^-''-'\x6,-y{u)\) I \xr'^-\^\ dx = 0(y"— =y-nx.5,-y(ti)|), 

nieA[l.°°) 
\x\<2Y 

and hence 

&l{u) = 0{y^-^-'Y^-'^\X5,-y{u)\). 
Using this estimate in ()6.26p we conclude that 
(6.34) 

Sh = 0(^^ —-) \xsM^)\du = 0(\\xhiy'''''-'{ mm 6,y~''). 

\ di---dn ^ Jm.^ V \e{i,...,n} / 

We stress that the implied constant neither depends on 5i, ... ,6n nor on x- 
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Next we consider Sf^. Applying Lemma |6. II with m = n we get 

,n/2 



1/9 9 \" \ 

X K,„„/2(27r|/i|y)^^^ (^mi— + • • • + "^n^ J X5,7H j du. 

We fix It G and estimate 

(6.36) 6l{u):= ^ c^e^-^^'") (l - Vl))^"/' 



meRi 



X ^.-n/2(2vr|^|y)^ (mi— + • • • + m„— j ^..^N- 



In order to apply summation by parts to S^j we define 



g{x) := (1 - ^l,{Y'^\x\))y^l^K,_^,^{27:\x,,ul + • • • + x.^^^u^^^ \y) 

l_( _d_ d Y 



and let a{mj^, . . . ,mj^j^^) and S[Xj^, . . . be as above (cf. ()6.28p and ()6.29|) ). 

Using formula (|2.13p we get 

(6.37) el{u) = (-1)1^1 ^ / 9a,^{x)Sa3{^) dx. 

Again 50 = (which makes the corresponding term in ()6.37p zero) and for nonempty 

A we have S"^ 0(0;) = 0(|a;|"/2+'^). For each multi-index I, — T^^~irEr\9{x) is the (fi- 

n ]\D\ 

nite) sum of all expressions of the form 
(6.38) 



9x/ • • • dx- 

31 3\D 



ti ^ \D\ 



n 3\D\ 31 3\D\ 

where £^,i'^,i^, are multi- indices satisfying £^ +£2+£'^+^^ = i. Bounds for the first 
two derivatives in (|6.38p are given by (j6.32p and (|6.33p respectively. Using (j6.24p 
(slightly modified) we also find that 



34 



ANDERS SODERGREN 



Recalling that we only consider multi- indices of length {i^l < \i\ < n as well as the 
definition ()6.2p we get 



dx"/ ■ ■ ■ dxj^^ 



d 



d 



■J\D\ 



(6.40) 



' max 

|ct|=n 



o(|a;|"-l^*ly"max 



du- ^ • • • 

n j|D| 



|a;|=n 



• • • du^^ 

31 3\D\ 



X 



Si ' • • • ' S„ 



Combining (16:38]) with IKm . IKm . (fOOl) and ^JHh we obtain 



dx[' ■ ■ ■ dx}°\ 



31 



3\D\ 



= ofy'"-'"-^y"|a;r"/2-'^-KI-=max ( 

V ' ' |«|=n V 

Returning to (|6.37p we have 
aA,fh{^)SAMi^)dx 



\oL\=n \duf^ • • • du- 



31 



\D\ • 

"3101 



Si ' • • • ' <5„ 



= o(y"-'"-"y"max 



• • • du^^ 

31 3\D\ 



Si S„ ) ) 



X 



|a;|>y 



(?n°^ • • • 

Jl J|D| 



|ct|=?i 

and it follows that 

V |Q;|=n 



D\ X 



' "1-71 "n-7n ^ 

k Si ' • • • ' (5„ , 



Q\'A 



du^^ ■ ■ ■ du, 

31 3\D 



D\ X 



Using this bound in ()6.35p we conclude that 



sl = o 



^1 • • • 



max 

|q:|=?i 



^^il'---^V 



' Ui~^l nn-7n ' 

^ 5i ' ■ ■ ■ ' (5„ , 



\ ( Ui-'yi Mn-7n \ 

api -^y V (5i ' • • • ' 5„ 7 



du 



0(llxl|n,iy""""M min 



ie{l,...,n} 

Together with ()6.34p this proves the proposition. 



n 



We continue with a result that shows how to keep control of the dependence on 
the eigenvalue in the horosphere integral for cusp forms with A > We use 

the Rankin- Selb erg bound from Section [5j However, this method gives weaker y,8- 
exponents than the previous proposition. 
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Proposition 6.5. Let x '■ I^" — )• M 6e a smooth function with compact support. Let 
e > and let cj) be a cusp form on T \ M^'^^ with eigenvalue X = (^)^ + T^, T > 0, 
normalized so that |(/)(P)|^ (ii/(P) = 1. Then the following holds, uniformly over 
all < y < 1, all J = (71, ... , 7^) € M" and all Si, . . . , 6n satisfying < Si, . . . , 6n < 
1: 



^—^[ XS,j{u)(f){uiUJi ^ ]r UnUJn + yin) du 

>!• • • On Jri 



= ||x||n,i(r+l)'/'+V/'^^( min S,y 
where the implied constant depends only on T, il. and e. 

Proof. It is enough to consider < e < ^. Given such an e we have the following 
bound on the K-bessel function (cf. [2j and [32, pp. 525-526]), which is uniform for 
all T > and t > 0: 

(6.41) K.Tit) = 0(e-(^/2)^(r+ l)-i/3+^t-^min(l,e(-/2)^-*)). 



Applying this bound and (a weak version of) ()6.8p with k = n in equation ()6.19p we 
get 

(6.42) I = o(\\x\\n,iy"^^''Y''e~^^/^^^{T + l)-V3+e 

X E |c;x||/^r"-"min(l,e(^/2)^-2-l'^l2'). 

(Recall that Y = max 57^-) We call the sum in the second line above S. In order 
ie{i,...,n} 

to estimate S we introduce the functions 

f{X) := X-"-^ min (l, e^-/^)T-2nyX^^ 

and 

S{X):= K\- 
0<\lJ.\<X 

Using the Cauchy-Schwarz inequality and Proposition 15.21 we obtain 

(6.43) S{X) = O (e(-/^)^ (t + j^^f^) '^'^"/^) 

for all X > We further note that for fixed T > and < y < 1 the function / 
is continuous and piecewise smooth. 
Now, by integration by parts. 



/ f{X) dS{X) = - / f'{X)S{X) dX. 



2 2 

Using the straightforward bound 



(6.44) nX) 



0((1 + yX)X-"-i-^e(-/2)^-2-!^^) if X > J 
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together with (j6.43p we get 

(6.45) E = 0(e«-/^)-){/^ x-/-'- (t + ^^,^) ciX 

Notice that since (T + (^^^"n-i )^^^ < T^/^ + + l)(i-«)/2 the first integral 

in is bounded by 0{{T + 1)^/^). When X > max(^, J) we have (T + 

(T-l^iJn-i ) = 0(X"/^) and hence the second integral in (|6.45|) is bounded by 

/•oo 

(6.46) 0{y') / (l + n~i)n-"e("/2)r-2^«^^^Q(l)_ 

Hence S = 0(e(^/2)^(T + and using this estimate in (j6.42p gives the desired 

result. □ 

Note that Proposition 16.51 in particular holds when (p = with Am > (§)^- 
We next collect a bound on the contribution from all such cusp forms (pm to the 
horosphere integral ()6.3p of a general test function /. 

Proposition 6.6. Let x '■ I^" — )• M 6e a smooth function with compact support. Let 
e > 0, A; > ^ + i and f £ H''{T \ EI"+i). Let the spectral expansion of f be 

POO 

(6.47) fiP) = Cm(km{P) + 9i{t)E,{P, f + it) dt. 

m>0 i=l ''^ 

Then the following holds, for all < y < 1, all 7 = (71,..., 7^) G M" and all 
61, . . . ,6n satisfying < 5i , . . . , < 1 ■ 

(6.48) ^—r( X5,l{u){ Cm(t>m{uiUi^ \-UniJ^n + yin)\ du 

Sl---6njRn I ^ J 

Am>(2) 

ofll/ll^^.||xl|n,iy"/'~"f min 6i 



ie{l,...,n} 

where the implied constant depends only on T, il., k and e. 

Proof. It suffices to consider < e < A; — — g. Let Am = (§)^ + ?'m- Changing 
order of integration and summation and using the Cauchy-Schwarz inequality we get 

{uiUi H h Un^n + yin) \ du 

1 • • • f n JK" X tTn n2 

<( E \cm\'irm+ir^'^' 

Am>{t)2 



7 ^/ X5,7 («)</>« (^^1(^1 H ^ UnUJn + yin) du 

tf„^, (r^ + l)''(5l • • • (5n Jr" 



2\ 1/2 
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By definition 



1/2 



E \Cm\\rm + ir' 
A,„>(f)2 

and by Proposition 16.51 the second factor above is bounded by 



Finally we use Weyl's law (cf. [5', Thm. 7.33]) to conclude that this last sum is 

2 



convergent (since k > + h + D 



6.2. The horosphere integral for non-cuspidal eigenfunctions. The treat- 
ment of a non-cuspidal eigenfunction <j) is considerably more involved than the pre- 
vious treatment of cusp forms, due to the fact that 4> is no longer uniformly bounded 
throughout H""'"^. Our central technical result is the following bound on linear com- 
binations of Fourier coefficients of (f) of the same type as in Proposition 16.21 



Theorem 6.7. Let e > and let (j) be a non-cuspidal eigenfunction with eigenvalue 
A > 0. Define s via A = s{n — s), s £ (n/2,n). Let the Fourier expansion of (p cLt 
the cusp Tji = CO he 

(6.49) 0(^ + yi„) = co?/"-^+ c^y"/'i^.-n/2(2vr|/.|y)e2-<'^'^). 

Given M = (Mi, . . . , M„) S Z"q \ {0} we order the coordinates as Mj^ > • • • > 
Mj^. Then the following holds, uniformly over M = (Mi, . . . , M„) G Z"q \ {0} and 
(ai,...,a„) GM".- 

Ml M„ 

(6.50) c„.i..*+...+m„..*e2-(-i°^+-+-"-") 

mi=0 mn=0 

n 

= o(iMr/2+^(M,-,^ + i)^o-^ n (^^. + 1))' 

fc=io+l 

where io is the smallest integer > s (viz., io = s + 1 i/ s G Z, otherwise zq = Is]). 
The implied constant depends only on T, (j), Q and e. 

Remark 6.8. If n = 1 then we always get io = 1, and hence ()6.50p says 
M 

c^e^™ = 0(A/r3/2-^+^), VM>1, 

m=0 

which agrees with [32[ Prop. 5.1] except for the extra e in the exponent. If n = 2 
then we always get io = 2, and hence (|6.5Up says 

Afi Ah 
mi=0 m2=0 

,2-s 



= 0(^max(Mi,M2)i+^(min(Mi,M2) + l)' 'j, V(Mi, M2) G Z|o \ {0}. 
The proof of Theorem 16.71 will occupy the next 10 pages. 
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Proof of Theorem \ 6. 7| . We let := nr=i['^« — ^> a« + \] and u := [ui, . . . , n„). For 
varying M = (Mi, . . . , M„) G Z^g \ {0}, (ai, . . . , a^) G and 5 G (0, 1) satisfying 
n > s + 1 — 5 and 5 — s ^ Z we let 

fOO 



jC:= / 0(ni^i H h UnUJn + yin) 

Jo J la 



^ ... ^ g27ri(mi(ai-«i)+-+m„(a„-n„)) j dUnflj/ 

mi=0 mn=0 ''^ ^ 

miH hm„>0 

This integral is not absolutely convergent because of the first term in the expansion 
(|6.49p . However, using (|6.49p we see that for each y > the inner integral above 
equals 

(6.51) 

Ml M„ 

mi=0 m„=0 
miH |-m„>0 

which is a finite sum. Hence, by the estimate (|6.25p and the exponential decay of 
the K-Bessel function at infinity (cf. [34^ p. 202(1)]), we find that 



(6.52) 



-fa 



[UiUi H h UnUJn + yin 

Ml M, 



X 



(nil iMn \ 
. . . g27ri(mi(ai-Mi)H hm„(a„-?i„)) j 



mi=0 m„=0 
miH |-m„>0 



— F < OO. 

y5 



Furthermore, using ()6.5ip and [3H p. 388(8)], we obtain 
(6.53) 

_ / Ml Mn X 

— I 2^ ••• 2^ Cmiu;l+-+mnU:f,\miUi^ hm„CU„| ' 6 ^ 'I 



^r7ii=0 m„=0 
miH |-m„>0 



4 V2 2/V2 2 

The goal is now to estimate /C from above. For every k £ {1,...,k}, we obtain 
from the Fourier expansion of 4>{P) at % that 

(6.54) ct>{P) = c'i\yA,iP)r~' + 0(e-'^'^°^^.(^)) as y^^iP) ^ oo. 

Here Cq^ = cq. Furthermore we know that (p is bounded on Tp for any B > Bq. We 
now use the F-invariance of (f), Lemma 12.71 and the notation 

iff>M 



lt\M ■■ 

to conclude that 



otherwise, 

(6.55) (/>(P) = 0{yr{PT-') = 0(1 + [yr{P)\i~') VP G M"+\ 
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For y > 1 we substitute ()6.54p , with k = 1, into the definition of /C and for y < 1 we 
use (|6.55p in the same definition. This results in the following estimate: 

M, 



A ' ^^V |i 4-1/2 14^, 

+ / / 0(l+\yT{uiUi + ---+UnU^n + yin)\l 
Jo Jlc ^ 



^■Kirrij (oj —Uj ) 



^3 



Inimj {aj —Uj) 



dui . . . dundy 



j=l mj=0 

We note, by e.g. using the formula for a geometric sum, that X]rnj=o e^'^*™^^"^ """^^ 
0(min(Mj + 1, \uj — aj\~^)^ for all uj £ [aj — 1/2, aj + 1/2]. Hence 



I ' I V e2™^("^-"^) duj = 0(log(2(Mj + 1))) 



for all J G {1, . . . , n}, and it follows that 



(6.56) |£| <o((log(2|M|))") +0(1)^'^ iy^(^u^^^ + ... + UnUn + yin)\r' 

n, ^ I dui...dundy 
mm [Mj + 1, |nj — aj] ) — 



yS 



Here, and in all estimates in the rest of the proof, the implied constants depend only 
on r, (j), and 6. 

We now use the definition of 3^r(-P) to see that the integral in ()6.56p is bounded 
from above by 



1^ /•! f 

(6-57) EE 



[yAkW{uiUJi^ hu„LLi„+yi„)\ 1 

n. , , I dui...dundy 



y& 



n 

X 

i=i 

We study each term in this double sum separately. In order to do so we fix some 
k G and W £ r»7fc\r which give a nonzero contribution to (|6.57p . Hence 

yAkW{uiu:i+-+u„u,„+yir,) > 1 for some (-ui, ...,Un,y) G Ioc° X (0, 1) and we conclude 
that AkW ^ Too- We write A^W = (2^) and use Lemma 12.31 to see that |c| > 

Now yAkWiuiu,i+-+u„u,„+yi„) > 1 implies that uiUi H h UnUJn + yin 

belongs to the horoball tangent to M" at —c~^d with Euclidean radius R := l/(2|cp). 
In particular we have + • • • + Un<^n 

+ c-^d\ < R< This, together with 

\uj — Ojl < 1/2 for all j G {1, . . . , n}, yields 

|ai^i H h anUJn + c^^d\ < |(ai - ni)a;i H h (a„ - n„)c^„| 

1 " 

+ \uiu;i H h Un^n + C""^C?| < 2 (X^ 1^*1 + ■^1'^'^ 



40 ANDERS SODERGREN 

Thus we get a nonzero contribution in (l637|) from W = A^^ {'^^^) G T^^Vr only if 
|c| > l/^TiTfc and —c~^d belongs to the open Euclidean ball with centre aiUJi + 
• • • + an<^n and radius 



~ 1 " 

(6.58) := -(^l^il + 



2 v^'"" ' '^i'^'^'- 

1=1 



We write c = X]j=i ^j'^i ^^"^ '^'j '■— + i ^ {!)••• i"^}- We note 

that there exist ^4, i? > such that A\u\ < |nicji + • • • + u„cj„| < B\u\ holds for all 
w G M" and recall from (12.41) that 



y 

yAkW{uiuiiA \-u„ui„+yi„) 



|c|2(|nia;i H h n„a;„ + c-^dP + y^) 

Changing variables, u'j = Uj + ej , in ()6.57p and using | n^- — a^- 1 > 1 1 u^- 1 — | a^- 1 1 , we get 
(6.59) 

f I m-sTT • -,1 dui . . . dundy 
/ iyA,W{mc.i+-+u„c.r.+ytn)\i [[inm{Mj + l,\uj-aj\ ) 




'0 Jic, y 



pZU f 



-R/A,R/AY' 



\u\Liii H h K^^nr + y' 



n 



I ^^\^ du'i . . . du'^dy 



X min (Mj + 1, | — |a„- 

We now fix y G (0, 2R\ and study the inner integral in ()6.59p . For m > 1 we note 
that when \u'iUi + ■ ■ ■ + u'^i^nl ^ 2''"~^y we have 

(6.60) — —, - = of— 3— 

Furthermore, we always have 

f6 61) — O ( — 

|M;cJi + ---+<CJ„|2 + y2 - {y 

Using (|6.6U|) and (|6.61|) we see that the inner integral in (|6.59|) is bounded by 
(6.62) 

l<2^<2R/y [_2™j//A,2'"j//yl]" 

= 0(1) Yl 22-(-")y-"J] / min(M, + l,m.-|a;.||-Vn;, 

l<2™<2R/s/ j=l ° 

where we sum over all integers m satisfying 1 < 2*" < 2R/y. We now note the 
following general bound. 

Lemma 6.9. For all S > 0, M > 1 and a & R we have 

'0(l + log+(5M)) always, 



(6.63) 



J min (M, |n — |a| I "'^) dn = ^ 



0(5min(M,l/|a|)) if S < 



2mm(A^,l/|a|) ' 



< 
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Proof. If |a| > S then the integral increases if the range of integration is replaced by 
[|a| — S, |a|] , since n i— )• |n — |a||~^ is an increasing function of u G [0, \a\). Hence 
the left hand side of (j6.63p is always 

/ min(M, |u- |a|| ) du = 2 mm {M, u'^) du = 0{l + log+{SM)) . 

J\a\-S Jo 

Next assume S < 2min(M i/\a\) • If 1/1 I < M then S < ||a| and thus the integrand 
in (j6.63p is < 2|a|~^ for all u £ [0, S]; in the remaining case we simply use that the 
integrand is everywhere < M; we thus obtain the bound 0(5" min (M, l/|a|)), as 
stated. □ 

Continuing onwards with the proof of Theorem 16.71 we define /3j := min (Mj + 
1, 1/1 a^- 1) for all j G {1, . . . ,n} and order the indices so that /3jj. are decreasing, i.e. 
Pji ^ /3j2 ^ ■■■ ^ Pjn- Using Lemma 16.91 and recalling that R = l/(2|cp) we find 
that ()6.62p is bounded by 

^ ^ , ^ A f 2"'y/3,- if 2™ < 1 

0(1, ^ 2-(.-»>..-» n 1 (2^(M, + 1,) if 2". > 

l<2'"<l/(|c|2j/) i=l I ' \ A y J ' 'J - 2yl3j ) 

n 

= 0(1) E 2™(2-n)y^ JJ /5,, 

n / i n \ 

+o(i)E E 2-(^™v-^n(i+i°gM^(M,,+i))) n 

1=1 ^i?,<2™<i?,+i fe=l k=i+l ^ 

where Ri := max (l, min (s^j Wy)) « G {1, • • • , and := It follows 

that ()6.59p is bounded by 

(6.64) 

ri/\c\2 r " 

0(|c|2{-n)) / J ^ 2'"(2--)y-5-Q^^.^ 

° l<2™<min (Tr4— ,r-^) '^^^ 

+ E ( E 2-(-— s--^ n (i (^(^^.. + 1))) n 1 

i=l ^B.i<2"^<B.i+-t k=l k=i+l ^ ^ 

We call the sum in the first line of ()6.64p and the z:th term in the sum in the last 
line of ()6.64p Si. In order to estimate So we first assume that min ( ^^^ , j^r^) = j^p^) 

2/3 ■ 

i.e. |cp > Note that in this situation Sj = for all j € {l,...,n}. Using 

2s — n > and estimating the geometric sum involved, we get 

n n 

Wry 

Integrating we find that the contribution to (|6.64p is 

(6.65) O(|c|2(-«)|c|"^n/5^0 / y''-'-'dy = 0{\c\'^'---'^lll3,,). 

k=i •'^ k=i 
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We now turn to the case min ( „ 4 , = 0-4—, i.e. IcP < We note that in 



this case 5o is an empty sum if not y < 7,4—. For such y we get 



and hence the contribution from 5*0 to (|6.64p is 

(6.66) 0(|cp(— )/3;;+i-^^n/3,,) /^y'^-^-^dy = 0(|c|2(— )/3;;-n/3, 

7 O ''O I O 



We next estimate Si for i G {1, . . . , n}. To begin with we assume Ri = max (l, 



A 



and = 1^^; i-e. — — 1*^1^ — where lij^^j^ := 0. In this situation ah Si 
with l > i are zero. Estimating the geometric sums involved yields 

(6.67) 



^=-+1 -x(l,^)<2"^<^ 



(i n ^ 

k=l k=i+l ^ 



When 2s < n + i we get the following contribution to ()6.64p : 
(6.68) 



f I ^ \ 2s—n—i . „ „ , . 

max (1, it 2s < n + I 

\|c|2max(^y,2;g-j/ 

1(1)2™ " ii2s>n + i. 



|cP(-)n(l + logM^)) n / y^--^max(l,^) — d,. 

k=i k=i+i ^ 

We estimate the integral in ()6.68p as follows (using 5 — s ^ X): 
I Snax(l,^)-— 

(6.69) = r*^^^--(^)^™rf.+ y-^dy 



= 0(max (/3^+'5-^-Mc|2(*+^-^"i) 
Hence (|6.68p is bounded by 



I n 

(6.70) 0(|cp(— )max(/3^^— Mcp(^+^— ^))n(l + logM^)) H /^^O" 



fc=l A:=i+1 
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When 2s = n + i we have s — i = n — s>0. In this situation the contribution from 
(f6:67|l to (fOiD is 

(i n X 

icp(-)n(i+iogM^)) n M 
k=l k=i+l ^ 

/ ^(l+log(— —— 

lo V V|c|^max(y, 



dy. 



The integral in ()6.7ip is 
(6.72) 

II -^2/3,^ II 

Changing variables, y = e~^/\c\'^, we find that the integral in (j6.72p is bounded by 

(6.73) |c|2(i+<5— 1) / te*(^+^-^-i)dt = 0(|c|2(^+^-^-i)). 

Jo 

Hence is 0(|c|2(*+^-*-i)) and it follows that dUTTT]) is bounded by 

(6.74) o(ici^(^-")|c|2(^+^— i)n(i+iog+(^)) n 

fc=l fc=i+l 

Finally, when 2s > n + i we find that the contribution from ()6.67p to ()6.64p is 
(6.75) 

o(icP-".ri(i.io,M^)) n 

k=i k=i+i 11^ 

=o(ici^(-)icF+^— ^)n(i+iogM^)) n 

k=l k=i+l 

It follows from ()6.70p , ()6.74p and (|6.75p that in all cases the contribution from ()6.67p 
to ([TO]) is 



(6.76) 0(|cp(— )max(/3-^-^--S|c|2(^+^— i))n(l+logM%^)) H Z^: 



n 

fc=l A:=i+1 



It remains to estimate 5, for i G {1, . . . ,n — 1} under the assumption that R. 
2^) and =max(l,2^ 



2/3 ■ 

max (l, 2^4—) and = max (l, — ), i.e. |cp < — We note that Si is an 
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empty sum if not y < — . For such y we get 



(6.77) S. = fy^-^-' n (l + l°g^ (^) ) n A 

^ k=l 



X < 



max 



k=i+l 
1 \2s—n—i 



1 + log ( ^ 



if 2s < n + i 



^g-^ I if 2s = n + i 



if 2s > n + i. 



By a similar case by case analysis as above it follows that in all cases the contribution 
from ([67771) to is 



(6.78) o(|c|2(^-"Vax(/3;^ 



k=l 



n 



A:=i+1 



We now collect the estimates above to get a resulting bound on ()6.59p . When 
^ < |cp it follows from (^Mlf and that (|639]l is bounded by 



(6.79) 



k=l 



Furthermore, when — ^ < |cp < and £ £ {1, . . . ,n} (recah that /3j„^^ =0), it 
follows from (fOiD . (|6f56D . (|6:76D and (I6778D that (f639D is bounded by 

(6.80) 

r " 

o(i)|ic|2(-")/3/-n/^^-^ 

£-1 



i=l 



k=2 
s—n) 



max 



A;=l 



n 

fc=i+l 



+ |cP(-)max(/3^^— McP(^-^^— ^))n(l + logM^)) 11 /^.J- 

fc=i fc=^+i ^ 

We define to be the smallest integer > s + 1 — 6 (thus ^ < io < n) and set 
il := min(£, io) foi' ^ G {l, • • • jn}. Comparing the sizes of all terms we find that 
(fOO]) is 



(6.81) o(icp(-)(iog(2iMi))^ n (^^M%Ts-Z~i'' 
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Combining (j6.59p . (j6.79p and (j6.8ip we conclude that 

f I m-sTT ■ -, I dui . . .dundy 

/ / [yA^W{mc.^+-+u„c.^+yi„)\i 11 mm [Mj + 1, \uj - aj\ ) 

^0 J loi j—i y 

(6.82) 

|,|2{.-|-.-„-l) ^n^^^^ if < |cp < ^, 1 < £ < io 



O (log(2|M|))' 



We now add up all nonzero contributions to ()6.57p for one fixed k G 
We recall from the discussion above ()6.58p that we get such a nonzero contribution 
from W = A^^ ( " d) ^ ^^A^ only if |c| > l/0r^ and -c"^d belongs to the ball 
with centre aiUi + • • • + c^n^n and radius R^. We will split the summation over 
these W into dyadic boxes. To fix the notation, let us agree that each integer vector 
m = (m-i, . . . , m„) G corresponds to the dyadic box of all W = A^^ ( c d) ^ ^f?fc\-'^ 
(with |c| > 1/ y/TiTk) such that, for all j G {1, . . . ,n}, 

q;. G [-2/{Mj + 1), 2/(Mj + 1)] if rrij = 0; 

(6.83) a'j G [2"^V(^i + 1), 2'"^+V(Mj + 1)] if rrij > 0; 

G [-2l'^^l+V(Mj + 1), -2l'"^l/(^i + 1)] if mj < 0. 

We will consider these dyadic boxes for each integer vector m with 
\mj\ <log2{Rk{Mj + l)/A), j = l,...,n. 

Note that in this way all the non-zero contributions to ()6.57p are certainly accounted 
for. Furthermore, note that for W = A'^^ (c d) belonging to the dyadic box corre- 
sponding to m, we have 

(6.84) 

/3, = min (M, + 1, l/\a'^\) G [2-\"^^\-\M, + 1), 2-KI(M, + 1)], j = 1, . . . , n. 

Recall that —c~^d = J^j^ii'^j ~ ^ vector m as above, and 

let QSjji C M" be the corresponding box for —c~^d given by (j6.83p . This box has 
sides parallel with the basis vectors uji, . . . ,uJn, of lengths < 2l"^jl+^|ci;j|/(Mj + 1), 
j = 1, . . . ,n. Now there is some constant C > 0, which depends only on $7, such that 
we can find a right-angled box C M" which contains QSm, and which has sides 
of lengths 

(6.85) 6^,,- :=C2KI/(M, + 1), j = l,...,n. 

(For example, we might let the sides of QS^^ be parallel with the orthonormal basis 
vectors obtained by performing the Gram-Schmidt process on the vectors {ujj}'^^^, 
ordered by decreasing values of 2l'"^l"'"^|cjj|/(Mj + 1). This always works with C = 

An maxi<j<„, 

Given m we fix ji, . . . , j„ to be a permutation of the indices 1, . . . ,n such that 
hm,h ^ bm,j2 < • • • < ^mj„- By (|6.84p we have C/{2bm,j) < 13 j < C/bmj for each j, 
and hence if j^, . . . is a permutation of 1, . . . , n such that > (3ji^ > . . . > (3ji^ 
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then |3y,/|3j^ G [^,2] for each i. Hence, by ([632]), we get the fohowing bound on the 
total contribution to ()6.57p from the Ws in our dyadic box: 



(6.86) o((log(2|M|))")|(2-l™%l(M,,^ + 1) 



40+5 — s—l 



k=io+l W 

i/VWn;<\c\<D/^Jb~~ 

+ E ( n (2-l"^-l(M,, + 1))) |cp(^+^— 1) 

£=1 k=i+l w 

C/yfb~^<\c\<D/^/b~ 

+ (n(2-i--i(M,,+i))) 

k=l w ^ 

Cly/b~<\c\ 



with C = ^JC/2A and D = 2\JCI A. Here the sums are taken over a set of represen- 
tatives W = A^^ (c d) ^ -'^»?fc\-'^ restricted by —c~^d G QS^n and the stated bounds 
on |c|. To estimate the sums in (|6.86|) we use Lemma |3.7[ For the first VF-sum in 
(|6.86|) . set z/ = 2{n — s), and note that ly > 2{n — i) for all i G {«o, • • • ,n} since 
iQ — s>l — 5>Q. Hence 

w 



(6.87) = |c|2(«-") + ^ Y 1^1'^'""^ 



n-l 



W i=io W 

n—l n 

= o{i) + Yo{{bm,j,^,r-' n w)=o(i), 

i=io k=i+l 

where the implied constant depends only on T, cj) and 0. Next, for any i £ {1, . . . , i^ — 
1}, if we set v = 2(n + 1 — £ — 5) then > 2(n — i), and hence 

(6.88) Y l-P^'^'— ^^=0((W.J^-' n W)> 
w k=e+i 

C/^b 

where the implied constant depends only on T, $7 and S. Finally, using u = 2{n + 
1 — 5) > 2n, we get 



(6.89) Y ^)=0((W)^-^n^' 



n 



W k=l 
C/./b~<\c\ 
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where again the imphed constant depends only on F, Q, and 5. Usmg (|6.85p . (|6.87p . 
([6:88]) and (iGlMjl we find that <^M\i is bounded by 

(6.90) 

(2-l™%l(M,,^+l))'' ( n (2-l'"^-^l(M,, + l)))(log(2|M|))" 

In particular, when m = (0, ... ,0) the permutation ji, ■ ■ ■ ,jn is such that Mj^ > 
. . . > Mj„, and equals 

71 

(6.91) 0((M,,^+1)^°+^— 1( n (M,, + l))(log(2|M|))"). 

fc=io+l 

For any other m we find by inspection that ()6.90p (for ji, ■ ■ ■ ,jn with bmji < • • • < 
bm,jn) is majorized by ()6.9ip (for ji, . . . ,jn with Mj^ > . . . > Mj^). Since there are 
0((log(2|M|))") such m we find that ()6.57p is bounded by 

n 

(6.92) o((M,,^+l)^o+^— 1( n (M,, + l))(log(2|M|))'"), 

k=io+l 

where the indices are ordered so that Mj-^ > • • • > Mj^ . From (j6.56p we now get 
that also |/C| is bounded by ()6.92p . and from (j6.53p it follows that 

(6.93) 

Ml M„ 

mi=0 m„=0 
miH |-m„>0 

= o({M,^^+iy-+'~^-'[ n (M,,+l))(log(2|M|))^"), 

for ah M G \ {0}, (ai, . . . , a„) S M" and ah admissible 6 G (0, 1). 

We call the sum in the left hand side of (|6.93p 5(Mi,...,M„) and we define 
^(O, . . . , 0) := 0. We furthermore define 

g{xi,...,Xn) ■■= + ••• + x„cu;r/2+i-'5^ 

and note that g is smooth in \ {0}. Using Corollary I2.1UI and (|6.93p we get 

Ml M„ 

(6.94) E • • • E c,nia,t+...+™„<e2-(-^°^+-+™""") 

mi=0 m,i=0 
miH hm„>0 



E^"^)'"^' / 9A,N\A{x)SA,N\A{x)dx 

(n X 
(M,,^+l)'o+^— 1( n (M,, + l))(log(2|M|))'M 
k=io+l ' 

X ] E / byl,7V\A(a^)Ma; \. 

^ Ar- AT . ' 
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(Recall that N = {1, . . . ,n}.) In order to get a bound on the last factor we recall 
from ()6.17|) and ()6.18p that for all A we have 

b^,;V\AN|d^ = 0(|Mr/2+l-^). 

Using this estimate in ()6.94p we arrive at 



Ml 



M„ 



27ri(miaiH \-m„a„) 



mi=0 m„=0 
miH hm„>0 



0^|M|"/2+i-'5(Mj.^^ +1) 



,.o+5-.-i( Yl (M,,+l))(log(2|M|)) 

fc=io+l 

Finally we add cq, choose 5 = 1 — e (with e small) and conclude that 



2n 



Ml M„ 

E\ ^ „ . 27ri(miaiH |-m„a„) 

/ , t-rriiOJ^H hm„tj* e 

mi=0 m„=0 



n 

o(|Mr/2+2e(M,.^^+iyo- -Q (M,,+l)), 



fc=io+l 



for all M G \ {0} and all (ai, . . . , a„) G M'^. 



□ 



Remark 6.10. In the same way we get that for all (ei, . . . ,£n) G {±1}", all M 
(Mi,...,M„) gZ5o\{0} and all (ai, . . . , a„) G M'^, 



Ml M„ 

^ ^ ■ ■ ■ y ^ C^jmn^iH henmnOj* 6 

mi=0 m„=0 



27rj(£imi«iH \-enm„oi„) 



o(iMr/2+^(M,,^ + ir- n (^.. + 1))' 

fc=io+l 



where the implied constant depends only on F, 0, and e. 

Remark 6.11. Note that the right hand side in (|6.50p is 0(|Mp'^/^~''+^) . Here 
the exponent ^ — s + e is essentially optimal, as the following proposition shows. 
(Compare |32[ Prop. 5.1'] in the 2-dimensional case.) 



Proposition 6.12. Let (f) be as in Theorem 6.7. Choose k G {1,...,k} such that 
Cq^^ 7^ (cf. (|6.54p ), and let a = aiuji + • • • + an^n G 1^" be any cusp equivalent to 
Tjk- Then, for at least one choice of (ei, . . . ,e„) G {±1}", there exists some c > 
and infinitely many M = {Mi, . . . , M^) G such that 



(6.95) 



A/i 



M„ 



E-E 

mi=0 m„=0 



Ceimi<x)*H [-en»Tin<^;^^ 



27ri(eimiaiH VenVanan) 



Proof. Assume that the conclusion above is not true, i.e. assume that for all 
{ei, . . . ,en) G {±1}" and all c > there are only finitely many M G such 
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that (j6.95p holds. (Here, and in the rest of this proof, a is fixed.) We write 

(6.96) 0(« + yin) = coy^-' + E E c^y"/'i^s-n/2(2vr|/i|y)e2-<'^'"\ 

Dc{l,...,n}meRD 

where Rd is as in ()6.20p and where = rriiul + • • • + mn^n usual. We esti- 
mate each inner sum in ()6.96p seperately. It will be sufficient to estimate, for each 
nonempty D = {ji, . . . C {1,. . . ,n}, 

(6.97) S+ := c^y"/2i^,_„/2(2vr|/i|y)e2-<'^'"), 

where R'j^ = -R£)n(Z>o)". The remaining parts of the Rd-suui can then be estimated 
in the same way using our assumption with various {ztlj^-vectors (ei, . . . ,6^). In 
order to apply summation by parts to ()6.97p we let a(0, . . . , 0) = and 

, . 2m{mj aj -i i-^j. Qj ) 

a(mj,,...,mj|^l) := c^^.^^.^+...+^^l^l^.^^e 1^1 1^1 

for {rrij^, . . . ,mj^j^^) ^ 0. We also introduce 

g{xj„. . . ,Xj|^|) := y"/2^,_„/2(27r|xj,cj*^ + • • • + Xj^^^j^^^ly) 

and 



According to ()2.13p . 

(6.98) 5+ = (-1)1^1 ^ / gAA^)SAd^) dx. 

It is clear that = and thus that the corresponding term in the sum in ()6.98p 
is zero. We now consider nonempty A. Let c be given. By our assumption there 
exists a number R > 1, depending on c, such that |5(X)| < c\X\^'^l'^~^ for all 
X = {Xj^,.. . ,Xj|^|) satisfying \X\ > R. Let T := sup\x\<R l'S'(^)|. 

Recall that the derivatives of g in (j6.98p correspond to multi-indices of the type 
i = {ii, . . . ,^|/)|) satisfying £i < 1. One shows by induction that for each such i, 



dx----dx 



g{x) is a finite sum of terms of the form 



, n/2 T^M 



X n + • • • + ^.p,-,- I) 

where < m < . . . ,1"^ are multi-indices of length > 1, and X^I^i 1^?! = 1^ 

Using the bounds ()6.24p and ()6.25p and recalling ()6.15p we get 

(6.99) , . oix) = o(y^-'\xr/'-'-\'\), G (M>o)l^l. 

n j\D\ 
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By (j6.15p there exists a positive constant such that A;3|a;| < |xj^a;*^ + ••• + 

Xji^io;* ^1 1 for all x G RI^I. Moreover, it follows from [Ml pp. 79,202] that k'^"^1^^{u) = 

0(u~^/^e~'") for u > 2Trk^ and m > 0. Hence, for \x\ > ^ and the same multi-index 
i as in (|6.99p . we get the stronger bound 



-g{x) = o(2/(-i)/2+KI|^|-i/2g-2.fc3l-|y^. 



dx-^ ■ ■ ■ dx- 

Returning to the integrals in ()6.98p we get, for y < 
J 9A,i!i{x)SAfi{x)dx 

= 0(y"-^r) J |a;r/2-«-l^lda; + 0(y"-^c) J | a; j^^-^^" 1^1 da; 

\x\<R R<\x\<^ 

Hence it follows from (j6.96p and (j6.98p that 

(6.100) \(t>{a + yin)\ = ©(y""^) (|co| + T) + 0{y'-^c) as y ^ 0, 

where the implied constants only depend on T, (j) and 0. Now, since s — n < < n—s, 
c > is arbitrary and the implied constants in ()6.100p do not depend on c, it follows 
that 

(6.101) </.(« + yi„) = o(y^-") as y ^ 0. 

In order to reach a contradiction we choose W G T such that a = VF(%) and 
write AkW~^ = Since AkW~^ (a) = oo we have ca + d = 0, which shows 

that c / 0. Thus, using ([23]), we find that 

_ 1 

yAkW-Hcx+yi„) - 

for all y > 0. Finally it follows from (j6.54p and the F-invariance of 4> that 

as y — )• 0. This contradicts the result in (j6.10ip . □ 

We next study the horosphere integral of non-cuspidal eigenfunctions. 

Proposition 6.13. Let x ■ 1^" — )• M 6e a smooth function with compact support. Let 
£ > and let (j) he a non-cuspidal eigenfunction with eigenvalue A > 0. Define s via 
X = s{n — s), s £ {n/2,n). Then the following holds, uniformly over allO < y < 1, 
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all 7 = (71, . . . , 7„) E M" and all 5i, . . . ,6n satisfying < 5i, . . . , (5„ < 1; 



^— / Xd,fi'^)Hui^l H h UnUJn + yin) du 



O llxl|n,iy"-^-^( mill 

V i6|l,. ..,n| 



2(s-n) 



where the implied constant depends only on T, (f), Vl and e. 

Proof. The proof is very similar to the proof of Proposition 16.41 Using the Fourier 
expansions ()6.6p . ()6.49p and integrating term by term we get 

(6.102) 

If 1 

— / X5,7('")'A(^il^l H ^ UnUJn + yin) du = ^Coy" ''x<5.7(0) 

Ol • • • On Jr" Ol • • • On 

mj. 

^ ' " "Dc{l,....n}me-Ri3 

(Recall the definition of Rd from (fOO]) .) It follows from (feTS]) (with A; = 0) that 

^^coy"-^xJ:^(o) = o(||x||o,iy""0- 

Ol • • • On 

We estimate each inner sum in (|6.102p separately. As in the proof of Proposition 
16. 4| given a nonempty D = {ji, . . . C {1, . . . , n} it is enough to estimate 

(6.103) S+ := Yl c^y"/'i^s-n/2(2vr|/x|y)xJ:^(-m). 



We split this sum into the parts Sj-, and Sj^ as in (|6.23p and estimate these sums 
in the same way as in the proof of Proposition 16.41 except for the following minor 
difference: When estimating 5^ we use the bound 

which is a weak form of the result in Theorem 16.71 We find that 



55 = ||xl|n,iy"-^-^( min SiY 

\ je|l,...,n} 

which proves the proposition. □ 

6.3. The horosphere integral for the Eisenstein series. The proofs here are 
similar to the proofs of Proposition 16.51 and Proposition 16.61 



Proposition 6.14. Let x '• I^" — t- R 6e a smooth function with compact support. 
Let e > and I G {1,. ..,«;}. Keep < y < 1 and T > 0. Furthermore let 7 = 
(71, ... , 7„) G M" and let 61, . . . , 6n be such that < 61, . . . , 6n < ^- Then 

T — ^—r- I Xs,'r(.u)Ei(uiUi -\ \- UnU)n + yin,^ + iT) du 

Ol • • • On JR" 

= o(||x||n,i(T+l)'/'+''0n^y"/2--( min 5,;)- 
V je{i, .■■,"} 

where the implied constant depends only on T, il. and e. 
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Proof. It is enough to consider < e < ^. We recall that the Eisenstein series has a 
Fourier expansion at infinity of the form 

Using this, ()6.6p and integrating term by term we get 

T — ^—r- I Xs,'r{u)Ee{uiUi -\ \- UnUJn + yin,^ + iT) du 

■ ■ ■ On Jm." 

(6.104) = j-L- (5,iyf + + iT)y^-^^)x^^{0) 

We note that since <I>(^ + iT) is unitary for real T we have + iT) | < 1. This 

fact together with (j6.8p (with k = 0) yields 

(6.105) _l_(5ayt+^^ + (^,i(| + ,T)yt-^)x^:,(0) = O(||^ 

Using (a weak version of) (|6.8p with k = n and the estimate of the K-Bessel function 
in ()6.4ip we estimate the last line of ()6.104p by 

(6.106) 0(||xl|n,iy"/^~'l'"e-("/2)T(2- j_ i)-l/3+e^ 



X ^ |a^(f +iT)||/x|-"-^min(l,e(^/2)T-2.Hy). 
(Recall that Y = max (^7^.) 

ie{l,...,n} 

We estimate the sum in (|6.106p (which we call S) in the same way as we estimate 
the corresponding sum in the proof of Proposition 16.51 The only difference is that 
we have to use Proposition 15.31 instead of Proposition 15.21 when we estimate the sum 
S{X). Recalling that W(T) > 1 (cf. Sec. [52]) we get 

S{X):= K{^ + iT)\ 

0<\iJ.\<X 

= 0(e(-/^)^(T + 1)-vW)(t+ ^T + ir-^ f'^^^'^^^') 
for all X > Using this bound together with ()6.44p we find that S is 

0(eW2)^(T + l)^vW)){ ^""^'"'"^^'(^+ (^TI)^) 

poo , YTi \ 1 /2 "1 

+ / (1 + yX)x-«/2-i-/2 (t + ^ A e(-/'^^-'-y^ dx . 
Jm..i^,^) V (T + i)« i; J 

Estimating these integrals as in the proof of Proposition 16.51 we obtain 

S = 0fe(^/2)^(T + 1)1/2+- 



which together with (j6.106p gives the desired result. □ 
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Proposition 6.15. Let x '■ I^" — )• M 6e a smooth function with compact support. Let 
e > 0, k> ^ + i and f G H''{T \ 11"+^). Let the spectral expansion of f be 

POO 

(6.107) f{P) = CmK^P) + Y. 9eit)Ei{P, f + it) dt. 



m>0 e=i 



Then the following holds, for all < y < 1, i £ {1, . . . , k}, 7 = (71, ... , 7„) G 
and all 61, . . . ,Sn satisfying < 5i , . . . , (5„ < 1 .■ 

(6.108) 

^— — / Xd,ji'^)l I ge{t)Ee(uiUi -\ h n„cj„ + | + it) I 

Ol---dn jRn [Jo J 



0(||/||H^||xl|n,iy"/'-'( min Si)-"" 

\ ie{l,...,n} 



where the implied constant depends only onT, il. , k and e. 

Proof. It is enough to consider < e < \{k — — g). We change the order of 
integration and apply the Cauchy-Schwarz inequahty to the left hand side of (j6.1U8p 
to obtain 



T — / X<5,7('")l / gi{t)EAuiuJi ^ Vunl^n + y^n,^ + it)dt\du 

(poo \ 1/2 

Igeitfit + lf^dtj 

[ (t + l)~^^ x ^ X / Xs,-y{u)Ee{uiUi + --- + UnU}n + yin,^ + it)du dt^ 

Jo dl • • • 5n Jr" ' ' J 



By definition the first factor above is bounded by ||/||//*:. Furthermore, using Propo- 
sition I6.14^ we find that the second factor is bounded by 

/ {t + i)-''^^'/^^'^w{t)dt) . 

Jo J 

Let P{t) be defined by 

P[t) ■= I W{r) dr. 
Jo 

Then P{t) = 0(t"+^) for large t (cf. (fST^ l and the derivative of P{t) equals W{t). 
Integration by parts yields 

/■"^(t + l)-2fc+l/3+4.^(^) ^ /"""(^ ^ ^^_2fc+l/3+4. ^p(^) 

Jo Jo 

f-K 

= {K + i)-2fc+i/3+4£p(^) + (2A; - i - 4e) / {t + i)-2fc-2/3+4£p(^) 

Note that the integrand above is positive, that (t+l)"2^"2/3+4£p|-^-) ^ Q(^^n-2k+i/^+is- 
for large t, and that {K + l)^2fc+i/3+4ep|^^-j _^ q as K — ^ 00. Hence we conclude 
that the integral in ()6.109p is convergent and we arrive at the desired estimate. □ 
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7. The main theorems 
We now put together the results of sections 16. H 16.21 and 

Theorem 7.1. Let x '■ — >■ M 6e o smooth function with compact support. Let 
e>^ andk>^ + \. We then have, for all f £ H^{T \ ir+^), allO <y <l, all 
7 = (71, . . . ,7n) G and all 5i,... ,5n satisfying ^/y < 61, . . . ,6n < 1, 



^—^[ XS,f{u)f{uiUi -\ \- UnUJn + yin) du 

h ■ ■ ■ On jRn 



^ f{P)du{P) + o(\\fMx\\n,iy-'{y/6l,^Y'^ 
r\H"+i ^ 



+ 0(\\f\\LA\x\\n,iy-'{y/Smin) 

+ 0(||/|U2||x||„,iy-^(y/<5^iJ 



n— SI 



where {x) = Ln x{'^) dx, 6min = min ^i, and the implied constants depend only 

ie{i, .■■,"} 

on T, 0, k and e. In the above si G (n/2,n) is the largest number such that there 
exists a cusp form on T \ W^~^^ of eigenvalue X = si{n — si). If no such function 
exists on T \ Er"+^ the middle error term above is omitted. Also, si G (n/2,n) is 
the largest number such that there exists a non- cuspidal eigenf unction on T \ W^~^^ 
of eigenvalue A = si{n — §1) . Again, if no such function exists onT\ M^~^^ the third 
error term above is omitted. 

Proof. Let / have the spectral decomposition (|6.107p . We substitute this expansion 
into the horosphere integral 

(7.1) ^—F- I Xd,j{u)f{uiUJi-\ hUnUJn + yin)du, 

Ol ■ ■ ■ On JR" 

and integrate the result termwise. Recalling that (/)() = z^(r\EI"+-^)~^/^, we note that 
(/>o's contribution to ()7.ip equals 



ix) 



u{r\: 



|[n+l^ 



f{P) dy{P). 

r\H"+i 



We also note that \{f.,4'm)\ ^ II/||l2 and recall that there are only finitely many m 
satisfying Am < (f)^- Now the theorem follows from Proposition 16.41 Proposition 
6.6^ Proposition 16.131 and Proposition 16.151 □ 



We now turn to the situation where x is the characteristic function of the rectangle 
Jo := [—1/2,1/2]"'. To distinguish this situation from the one in Theorem 17.11 we 
call this function xo- To prove asymptotic equidistribution also in this case we will 
approximate xo by smooth functions and then apply Theorem 17.11 

Theorem 7.2. Let e' > and k > + |. We then have, for all bounded func- 
tions f E H^[T\M^^^), all < y < 1 and all ai, . . . , a„, /3i, . . . , /3n satisfying 
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^/y < /3i - ai, . . . , f3n - an < I, 
(7.2) 



1 



■■■ fiuiUJi H h UnUJn + yin) dui . . . dUn 

^n) Jai Jan 



(/3i - ai) • • • (/3„ - Or, 
= .(V\Mn+^ [ /(^')rfK^)+0(||/||Jt||/||^/ry^/2-'(. min (A -a.))"') 

+ 0(ll/llZ?ll/lli/.V--/'^-^'(. min (ft -«,))"/""') 

+ 0(||/IIZ?II/IIl^.V-^^/"-^'( min (ft-a,))'^"/"''0' 

V ie|l,...,n} / 

where the implied constants depend only on T, Q, k and e' . In the above si S ('^/2, n) 
is the largest number such that there exists a cusp form on T \ H"'"'"^ of eigenvalue 
A = si(n — si). If no such function exists on T \ H""'"^ the middle error term above 
is omitted. Also, si G (n/2,n) is the largest number such that there exists a non- 
cuspidal eigenfunction onT\ W^~^^ of eigenvalue X = si{n — si) . Again, if no such 
function exists onT\ M"''^^ the third error term above is omitted. 

Proof. Fix, once and for all, a function ip S C°°(M"), with support contained in the 
closed unit ball, satisfying ip > and tlj{x) dx = 1. For h > we define 

ijh{x) := h-'^ijih-^x). 

We define Xh as the convolution of xo i^h'- 

(7.3) Xh{x) ■.= Xo*i^h{x) = h 



" / ^{h-\x-y))dy. 
Jlo 



By |15[ Thm. 1.3.2] we know that Xh G C°°(M"), with support in an /i-neighbourhood 
of Jo, and that Xh tends to xo m -^^^(1^") (even uniformly outside an /i-neighbourhood 
of the boundary of /q) as /i — >• 0. Since each Xh is smooth, Theorem 17.11 holds with 

X = Xh- 
Clearly 



(7.4) ixt 



[ (h~'' [ ij{h'\x - y)) dx\ dy = 1 



for all /i > 0. By differentiating under the integral sign in ()7.3p it follows that 
D°^Xh = 0(/i~'"') for all multi-indices a, where the implied constant depends only 
on |a|. It also follows from (j7.3|) that Xh is (locally) constant except in an h- 
neighbourhood of the boundary of Iq. Hence 

(7.5) \\xh\\n,i = 0{h^-n 

for all < /i < 1. 

Now using (j7.4p and (j7.5p in Theorem 17.11 with 5i = Pi — Ui and 7i = |(aj + ft) 
for i G {1, . . . , n}, and noting that xo ~ Xh is zero except on an /i- neighbourhood of 



56 



ANDERS SODERGREN 



the boundary of Iq, we get, for < /i < 1, 
(7.6) 

1 



UiUJi H h UnUJn + yin) dui . . . dUn 



{Pi - ai) • • • (/3„ - 
= . . / {{xq)5.i{u) - {xh)5,i{u))f{uiu:i^ h Un^n + yin) du 

Ol ■ ■ ■ On jRn 

+ 7 — T / iXh)s,'f{u)f{ui^l -\ \- UnWn + yin) du 

Ol ■ ■ ■ On JR" 

= — ^ / /(P)dK^) + 0(||/||L^/i) +o(||/||^.y"/2-(. min 6.)-''h' 

\ i<={l,...,n} / V ie{l,...,n} 



Next we find an h that minimizes the sum of the error terms in ()7.6p . When n = 1 
we let /i — )• in ()7.6p for any fixed y and 5i , . . . , (5„ , and thus obtain the right hand 
side of ()7.2p (with e' = e). Now assume that n > 1. Note that for any A,B>0, 

the function /i i— )• yl/i + Bh^'^ attains its minimum at /imin = and 
^^min + ^^^n ~ 0(^^^-B"), where the imphed constant depends only on n. 
Using this fact with A = ||/||l°° and 

5=ll/llH^y"/'"^( min 5,)~" + ||/||,^.y"-^i-( min 5,)''"" 

i&{l,...,n} iG{l, .••,"} 

+ \\f\\LW''-''-'{ min 6,f''-''\ 

ie{l,...,n} 

gives the result (|7.2p (with e' = e/n) also for n > 1, so long as /imin < 1 (so that ()7.6p 
can be applied with h = /imin)- In the reiUciining cajSG, ^min ^ I5 viz. A ^ (71 — l)-^? 
we use instead the trivial fact that the left hand side of (|7.2p equals 

and here 

II/IIl- = A< A'^{{n-l)B)" = 0{A'^Bn). 
Hence (|7.2p holds also in this case. □ 
Theorem 17.21 is easily seen to imply Theorem 11.11 in the introduction, that is 



1 



/ ••• / /(niCJi H \-UnUJn,y)dui...dUn 

Jai J an 

f{P)dv{P), 



(/3i - ai) • • • (/3„ - an) 



1 



u{v\ m 



r\H"H 



uniformly as y — )• so long as /3i — ai, . . . , /3„ — a„ > The fact that Theorem 

11.11 holds for any continuous function / of compact support on T \ EI"^-'^ follows 
because of the following standard approximation fact: Given any continuous function 
/ of compact support on F \ H""*"^, then for any e' > there exists a C°°-function 
/i on H""'"^ which is F-invariant and of compact support on F \EI"~*"^, and such that 
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Remark 7.3. The exponent ^ in "/3i — ai, . . . , /3n — a„ > y^^"^ is in fact the best 
possible. To see this, note that it follows from ()2.4p that for any W = {'^^) G 
PSL(2, Cn) with c / we have 

(7.7) 

-1 iTn>n 



X [B, oo)) = ja; + yin € | y < |a; + c-'d\ < ^^^7^} 



(of. [3ll Rem. 2.1.4]). We now fix B > Bq and W e T with c / 0. Then = -c~^d 
is a cusp equivalent to infinity and (M" x [B, oo)) a horoball tangent to dM^~^^ 
at rj. If we keep /3i — ai = . . . = /3„ — a„ = ky^^"^ for a small enough constant k > 0, 
it follows from ()7.7p that the box-shaped horosphere subset 



OS 



juio^i H h Un<^n + y^n | Ui G ["i, A] for « = 1, . . . , n| 



can be placed in such a way that, as y — )• 0, *B is completely contained inside 
W~'^{W X [S,oo)). Thus the projection of *B to T \ 11"+^ stays inside the cus- 
pidal region J-i{B) (cf. ()2.6p ). Since B > Bq \i follows that *B is far from being 
equidistributed on T \ H"^"*^. 

Acknowledgement. I am grateful to Andreas Strombergsson for many helpful and 
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